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Abstract

It is well-known that stochastic dominance is equivalent to a unanimity property
for expected utilities. In this paper, we establish an analogous relationship between
likelihood-ratio dominance and betweenness preferences, which are an important gener-
alization of expected utilities. The equivalence allows us to provide a decision-theoretic
characterization of the monotone likelihood ratio property, which is a key informational
assumption in many mechanism design problems.

Key words: betweenness preferences, likelihood-ratio dominance, monotone likelihood
ratio property, stochastic dominance.

1 Introduction

Consider a standard setting for decision problems under risk, where a decision-maker must
choose among lotteries over a finite set of monetary prizes. In two seminal papers, Quirk and
Saposnik (1962) and Hadar and Russell (1969) show the following: lottery ` stochastically
dominates lottery `′ if and only if every monotone expected utility function assigns a higher
utility to lottery ` than to lottery `′. In other words, stochastic dominance is equivalent
to a unanimity property for expected utility maximizers who value more money (for sure)
over less money (for sure). The importance of this fundamental result is two-fold. First, it
provides a decision-theoretic interpretation of stochastic dominance, which is a stochastic
order of profound importance in applied probability and statistics. Second, it provides
non-parametric predictions about behavior in situations of risk, as commonly encountered
in economics and finance. In particular, when lottery ` stochastically dominates lottery `′,
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one may consider `′ inadmissible for any decision-maker with preferences that are consistent
with the expected utility hypothesis and the idea that more money is better than less.
Importantly, such predictions do not depend on the decision-maker’s attitude to risk, and
are therefore especially robust.

In this paper, we show that there is an analogous relationship between likelihood-
ratio dominance, another key stochastic order in applied probability and statistics, and
an important generalization of expected utilities. It is well-known that likelihood-ratio
dominance is a stronger requirement than stochastic dominance, and so a decision-theoretic
characterization of the likelihood-ratio order must encompass a larger class of preferences
than expected utilities. We show that the required generalization is exactly the class of
betweenness preferences introduced in Chew (1983) and Dekel (1986).

Betweenness preferences are characterized by weakening the controversial independence
axiom of expected utility, and are thereby able to accommodate widely-documented violations
of the expected utility hypothesis (e.g, the Allais (1953) paradox). The representation
for betweenness preferences is not as tractable as for expected utility, but they do have a
simple geometric interpretation. In particular, while expected utilities exhibit indifference
curves that are linear and parallel, the defining characteristic of a betweenness preference
is that its indifference curves are linear but not necessarily parallel (see Figure 1 below).
As such, betweenness preferences provide a generalization of expected utility that can
remedy key descriptive failures of the expected utility hypothesis, while still ensuring
that preferences remain both quasiconvex and quasiconcave. These latter properties are
analytically attractive because, for instance, quasiconcavity is necessary for the existence of
a Nash equilibrium, while quasiconvexity is necessary and sufficient for dynamic consistency
in intertemporal decision problems under risk (see, e.g., Dekel, 1986).
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Figure 1: Indifference curves for preferences over lotteries.

As with the classic result on stochastic dominance and expected utility, our characteri-
zation of the likelihood-ratio order serves a dual purpose. For decision analysis, it provides
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a simple criterion for making robust predictions that hold for the whole class of monotone
betweenness preferences. While betweenness preferences have attractive descriptive and ana-
lytical properties, they do not have a simple utility representation, and so the equivalence to
likelihood-ratio dominance, a well-studied stochastic order, is potentially useful in practice.

On the other hand, our results also show that monotone betweenness preferences can
be used to re-interpret the likelihood-ratio order. We believe that this decision-theoretic
interpretation may be valuable in economic theory, applied probability and statistics, where
the likelihood-ratio order plays a central role. One setting in which likelihood-ratio dominance
is widely applied in economic analysis is in modeling information structures. In particular,
the monotone likelihood ratio property, which is based on the likelihood-ratio order, is a
fundamental property of information in problems of mechanism design and information
economics, and we show that it can be characterized in terms of betweenness preferences.

The remaining paper is organized as follows. In Section 2, we consider the standard
decision setting for choice under risk described above. In this setting, we define monotone
betweenness preferences, state the formal connection with the likelihood-ratio order, and il-
lustrate the intuition geometrically. In Section 3, we consider a more general two-dimensional
environment, with a finite set of states and finite set of signals, which is commonly used to
model information structures. In this setting, our main result, Theorem 1, provides a char-
acterization of the monotone likelihood ratio property in terms of betweenness preferences
over conditional distributions on signals. Section 4 provides the proof of Theorem 1, which
requires a number of preliminary results. The relationship between likelihood-ratio domi-
nance and betweenness preferences is formally a corollary of Theorem 1 for an environment
with only two states.

2 Betweenness preferences

Let X be a non-empty finite set and ∆(X) be the set of probability distributions over X.
Typical elements of X are interpreted as prizes and denoted x,x′, and typical elements
of ∆(X) are interpreted as lotteries and denoted `, `′. For a prize x ∈ X, we denote by
δx ∈ ∆(X) the lottery that assigns probability 1 to prize x. The set of prizes is endowed
with a weak order D that has a non-empty asymmetric part .. In many applications, D will
be an objective order; for instance, if prizes are monetary, then it is natural to have x . x′ if
and only if x > x′.

We denote by � a binary relation on the set of lotteries, with asymmetric part � and
symmetric part ∼. The binary relation � is a continuous weak order if it is (i) complete and
transitive; (ii) ` � `′ for some lotteries `, `′; and (iii) ` � `′ � `′′ implies θ`+ (1− θ)`′′ ∼ `′

for some θ ∈ (0, 1). The binary relation � is monotone if x . x′ implies δx � δx′ . Continuous
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weak orders are commonly studied in the literature on decision-making under risk, where
they are interpreted as the subjective preferences of a decision-maker. If D is the standard
order over monetary prizes, then � is monotone when the decision-maker strictly prefers
more money (for sure) to less money (for sure).

Definition 1 (Linear preference). A continuous weak order � is a linear preference if
it satisfies the independence axiom: ` � `′ implies θ`+ (1−θ)`′′ � θ`′ + (1−θ)`′′ for all
θ ∈ (0, 1).

Definition 2 (Betweenness preference). A continuous weak order � is a betweenness
preference if it satisfies the betweenness axiom: ` � `′ implies ` � θ`+ (1−θ)`′ � `′, and
` ∼ `′ implies ` ∼ θ`+ (1−θ)`′ ∼ `′, for all θ ∈ (0, 1).

The defining characteristic of a linear preference is that level sets (or indifference curves)
can be represented by parallel hyperplanes (or, more precisely, the intersection of parallel
hyperplanes with the unit simplex). The classic result of von Neumann and Morgenstern
(1944) shows that a preference relation over lotteries has an expected utility representation
if and only if it is a linear preference. Linear preferences are therefore central in the theory
of decision-making under risk.

It is easily seen that the independence axiom implies the betweenness axiom, but not
vice versa. Betweenness preferences are therefore a generalization of expected utility, which
weaken the controversial independences axiom of von Neumann and Morgenstern (1944),
while retaining many of the attractive analytical features of linear preferences. In particular,
(i) betweenness preferences can accommodate descriptive violations of the expected utility
hypothesis such as the Allais (1953) paradox, and (ii) betweenness preferences have a simple
geometric interpretation: indifferences curves are also represented by hyperplanes, but not
necessarily by parallel ones (see Figure 1 in Section 1).

We are interested in the relationship between monotone preferences and two stochastic
orders over lotteries, which occupy a central role in applied probability and statistics (see,
e.g., Shaked and Shanthikumar, 1994).

Definition 3 (Stochastic dominance). Lottery ` stochastically dominates lottery `′ if, for
all x′ ∈ X,

∑
xDx′ `(x) ≥

∑
xDx′ `′(x), with a strict inequality for some x′ ∈ X.

Definition 4 (Likelihood-ratio dominance). Lottery ` likelihood-ratio dominates lottery `′

if, for all x D x′, `(x)`′(x′) ≥ `(x′)`′(x), with a strict inequality for some x . x′.

The stochastic dominance and likelihood-ratio relations also have a simple geometric
interpretation in terms of hyperplanes. To illustrate, suppose there are three prizes: high
(H), medium (M), and low (L), with the natural ordering H DM D L. Lotteries can then
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Figure 2: Geometric interpretation of stochastic orders.

be represented as points in the unit simplex over {L,M ,H}, which can be illustrated using
the standard Machina triangles as in Figure 2.

In Figure 2a, for any lottery `′ on the line labeled PL we have `′(L) = `(L). On the other
hand, for any lottery `′ on the line labeled PM+H we have `′(M ) + `′(H) = `(M) + `(H).
As such, the shaded region represents the set of all lotteries that stochastically dominate
lottery `. There is a similar interpretation for Figure 2b. For a full-support lottery `′ on the
line labeled PM

L
the likelihood-ratio `′(M)

`′(L) = `(M)
`(L) . On the other hand, for a full-support

lottery `′ on the line labeled PH
M

the likelihood-ratio `′(H)
`′(M) = `(H)

`(M) . As such, the shaded
region represents the set of all lotteries that likelihood-ratio dominate lottery `.

The importance of stochastic dominance for the theory of decision-making under risk
comes from the well-known result that lottery ` stochastically dominates lottery `′ if and
only if ` � `′ for every monotone linear preference �, strictly for some monotone linear
preference. The following proposition shows that there is an analogous relationship between
likelihood-ratio dominance and betweenness preferences.

Proposition 1. Lottery ` likelihood-ratio dominates lottery `′ if and only if ` � `′ for every
monotone betweenness preference �, strictly for some monotone betweenness preference.

In choice problem involving lotteries, the likelihood-ratio order therefore provides a
simple criterion to determine the inadmissibility of lotteries for any decision-maker with
monotone betweenness preferences, similar to the way that stochastic dominance can be used
to exclude lotteries for any decision-maker with preferences in the smaller class of expected
utilities. Conversely, a unanimity condition for monotone betweenness orders provides a
decision-theoretic interpretation of the likelihood-ratio order, similar to the interpretation
provided for stochastic dominance by the unanimity condition for expected utilities. We
therefore view this result as providing new insights that are potentially interesting and useful
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for both decision analysis as well as applications of the likelihood-ratio order in applied
probability and statistics.

We omit a formal proof of Proposition 1 because the result follows directly from Theorem
1 in Section 3. Instead, we focus here on the intuition for the relationship between the
likelihood-ratio order and betweenness preferences, which can be illustrated geometrically.
As in Figure 2, suppose there are three prizes X = {L,M ,H} strictly ordered H .M .L.
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Figure 3: Unanimity orders.

As a benchmark, it is useful to first illustrate the relationship between stochastic
dominance and linear preferences. In Figure 3a, we choose some lottery ` in the simplex
and consider the set of all curves passing through ` that could represent the indifference
curve of a monotone linear preference. Without requiring monotonicity, any straight line
passing through ` could represent the indifference curve of a linear preference. However,
monotonicity imposes additional restrictions. First consider the line labeled α1. This line
cannot represent the indifference curve of a monotone linear preference. If it did, the upper
contour set would have to be to the left to ensure that δM and δH are both strictly preferred
to δL. But even if the upper contour set is to the left, one can see that a parallel translation
of line α1 will contain both the points δM and δH , and the linear preference represented by
α1 will therefore violate the monotonicity condition that δH is strictly preferred to δM . On
the other hand, rotating the line slightly anti-clockwise will lead to a straight line that can
represent an indifference curve of a monotone linear preference. Again, the upper contour
set would have to be to the left, but now there is a parallel translation that has δH in the
strict upper contour set and δM in the strict lower contour set. However, it is not possible
to rotate too far. Once we reach the line labelled α2, there is a parallel translation that
contains both δM and δL, and therefore violates the monotonicity requirement that δM
should be strictly preferred to δL. As a result, for monotone linear preferences, only the
lines between α1 and α2 represent potential indifference curves. The intersection of all strict
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upper contour sets is therefore given by the shaded region, which represents all lotteries
that are strictly preferred to ` for every monotone linear preference. This region is exactly
the same as the one we obtain in Figure 2a for lotteries that stochastically dominate `.

Now suppose that, instead of monotone linear preferences, we consider lines passing
through ` that could represent indifference curves of a monotone betweenness preference.
For a betweenness preference, indifference curves can also be represented by straight lines,
but the indifference curves do not need to be parallel. As such, all straight lines between
α′1 and α′2 in Figure 3b can represent indifference curves passing through ` for a monotone
betweenness preference. The line α′1 itself cannot be an indifference curve because it contains
δH and yet has δM in its strict upper contour set, violating monotonicity. However, a
slight anti-clockwise rotation around ` yields a potential indifference curve. While a parallel
translation would have δM in its strict upper contour set and δH in the strict lower contour
set, higher indifference curves of a betweenness preference do not need to be parallel. As
long as the line passing through ` has both δM and δH in the strict upper contour set, it
is possible to complete the map of indifference curves so that they represent a monotone
betweenness preference. Again, one cannot rotate too far, however, because monotonicity
also requires that δM is strictly preferred to δL. To make sure that this second requirement
can be satisfied, once δM is in the strict lower contour set, it will also need to be the case
that δL is in the strict lower contour set. As such, all straight lines between α′1 and α′2 can
represent indifference curves of a monotone betweenness preference. The intersection of
all strict upper contour sets is therefore given by the shaded region, which represents all
lotteries that are strictly preferred to ` for every monotone betweenness preference. This
region is exactly the same as the one we obtain in Figure 2b for lotteries that likelihood-ratio
dominate `.

3 The monotone likelihood ratio property

Stochastic orders are often used in models with incomplete information to formalize the idea
that some signals convey “better” or “worse” news about an unknown state of the world
than other signals (see, e.g., Milgrom, 1981). Likelihood-ratio dominance is often more useful
than the stochastic dominance because it provide the basis for the monotone likelihood-ratio
property, which occupies a central role in mechanism design and information economics. In
this section, we extend our analysis to a two-dimensional environment commonly used to
model information structures, and use the relationship between likelihood-ratio dominance
and betweenness preferences to provide a decision-theoretic reinterpretation of the monotone
likelihood-ratio property.

Consider an environment with a finite set of states Ω = {ω1, ...,ωM}, a finite set of
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signals S = {s1, ..., sK}, and a joint-probability distribution P on Ω×S. In the background,
we have the idea that nature chooses a state ω, which determines a value v(ω) (e.g., the
value of an asset or the returns on an effort task), as well as a conditional distribution
over signals Pω ∈ ∆(S). A decision-maker does not observe the state ω, but draws a signal
s ∈ S according to the conditional distribution Pω. As such, signals can noisy convey
information about the state. The key primitives of the environment are the value function
v : Ω→ R+, which describes the relation between states and values, and the information
structure {Pω : ω ∈ Ω}, which describes the relation between states and signals.

With some abuse of notation, we use the symbol D to denote a weak order on signals,
where . is the asymmetric part. It is often desirable to impose an assumption on the
information environment that reflects the idea that s . s′ implies s conveys better news than
s′ about the unknown state. In other words, it should be relatively more likely to observe
the higher signal s in a state where the value is high, and relatively more likely to observe
the low signal s′ in a state where the value is low. When the complete order over signals D
should facilitate this interpretation, one must generally impose a relation on the conditional
distribution over signals in every state. As a result, stochastic orders provide a natural way
to formalize informational assumptions.

Definition 5 (Stochastic Dominance Property). An environment satisfies the stochastic
dominance property (SDP) if there is a weak order D on signals such that v(ω) > v(ω′)

implies Pω stochastically dominates Pω′ .

Definition 6 (Monotone Likelihood-Ratio Property). An environment satisfies the mono-
tone likelihood-ratio property (MLRP) if there is a weak order D on signals such that
v(ω) > v(ω′) implies Pω likelihood-ratio dominates Pω′ .

It is well-known that the MLRP implies the SDP, and not vice versa. We can illustrate
this relation by adapting the figures from Section 2. Suppose there are three signals
S = L,M ,H, with the interpretation that H is high signal (conveying good news), M is
medium signal (conveying intermediate news) and L is a low signal (conveying bad news);
that is H .M .L. There are four states {ω1,ω2,ω3,ω4}, and the values satisfy v(ωm) = m

for m = 1, ..., 4. For each state, we illustrate the conditional distribution over signals in
Figure 4 as a point in the simplex with the corresponding value. In Figure 4a, we illustrate
the SDP. Starting from the conditional distribution for state ω1, the bold dotted lines
indicate the restrictions that stochastic dominance places on where conditional distributions
for a higher value state can be located, and likewise for the other states. In Figure 4b, we
illustrate the MLRP. Again, starting from the conditional distribution for state ω1, the
bold dotted lines indicate the restrictions that likelihood-ratio dominance places on where
conditional distributions for a higher value state can be located, and likewise for the other
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states. It is clear from the figures that the MLRP is a stronger restriction on the information
environment because, for each state, the region where conditional distributions for higher
value states can be located is smaller when we require likelihood-ratio dominance than when
we require only stochastic dominance.
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23
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(a) SDP
H
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L

1
23

4

(b) MLRP

Figure 4: Information assumptions.

Given the well-known connection between stochastic dominance and linear preferences,
we can provide a decision-theoretic interpretation of the SDP.

Proposition 2. An environment satisfies the SDP if and only if v(ω) > v(ω′) implies that
Pω � Pω′ for every monotone linear preference � on ∆(S), strictly for some monotone
linear preference.

Proof. Let D be a weak order on signals. Without loss of generality, let sk+1 D sk for
k = 1, ...,K − 1. A monotone EU on ∆K can be represented by a vector u ∈ RK such that
u(1) ≤ ... ≤ u(K). Moreover, since e · Px = 1, u · Px =

∑K−1
k=1 (u(k)−u(K))Px(sk)+u(K),

and so

u · Px ≥ u · Px′ ⇔
K−1∑
k=1

(u(K)− u(k))Px(sk) ≤
K−1∑
k=1

(u(K)− u(k))Px′(sk).

Now consider two states x and x′ such that v(x) > v(x′). We first show that FOSD
implies Px � Px′ for every monotone EU. FOSD implies that Fx(s) ≤ Fx′(s) for all s. Fix
some u ∈ RK such that u(1) ≤ ... ≤ u(K), and note that

K−1∑
k=1

(u(K)−u(k))Px(sk) =
K−1∑
k=1

(u(k+ 1)−u(k))
k∑
j=1

Px(sj) =
K−1∑
k=1

(u(k+ 1)−u(k))Fx(sk)

Hence, since u(k + 1)− u(k) ≥ 0 and Fx(sk) ≤ Fx′(sk) for all k = 1, ...,K − 1, it follows
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that u ·Px ≥ u ·Px′ . Hence, Px � Px′ for every monotone EU. Moreover, if Fx(sk) < Fx′(sk)

for some k, and u(k+ 1) > u(k), then u · Px > u · Px′ . Hence, there exists a monotone EU
such that Px � Px′ .

For the converse, suppose u · Px ≥ u · Px′ for all u ∈ RK such that u(1) ≤ ... ≤ u(K).
Now, fix some j ∈ {1, ...,K − 1}, and let

u(k) =

0 if k ≤ j

1 if k > j.

Then u · Px ≥ u · Px′ implies
∑K−1
k=1 (u(K) − u(k))Px(sk) ≤

∑K−1
k=1 (u(K) − u(k))Px′(sk),

which is equivalent to
∑j
k=1 Px(sk) ≤

∑j
k=1 Px′(sk). Hence, Fx(sj) ≤ Fx′(sj). Finally, by

way of contradiction, suppose that Fx(s) = Fx′(s) for all s ∈ S. Then u · Px = u · Px′ for
all u ∈ RK such that u(1) ≤ ... ≤ u(K), contradicting that there exists monotone EU �
such that Px � Px′ .

The following Theorem shows that there is an analogous decision-theoretic interpretation
of the MLRP, but with betweenness preferences instead of linear preferences.

Theorem 1. An environment satisfies the MLRP if and only if v(ω) > v(ω′) implies that
Pω � Pω′ for every monotone betweenness preference � on ∆(S), strictly for some monotone
betweenness preference.

Theorem 1 shows that betweenness preferences can be used characterize the MLRP. In
particular, it provides the following re-interpretation: an information environment satisfies
the MLRP if and only if, for all betweenness preferences that are monotone in the order
over signals, higher value states induce better conditional distributions. If s . s′, the idea
that signal s conveys better news that signal s′ is conveyed by the restriction that the order
over signals D imposes on the monotonicity properties of the betweenness preferences that
can be used to represent the MLRP. Proposition 1 can be viewed as a corollary of Theorem
1 for an information environment with only two states, by identifying prizes with signals
and lotteries with the conditional distributions over signals.

While the proof of Proposition 2 is a straightforward extension of the relation between
stochastic dominance and monotone linear preferences, establishing Theorem 1 is more
subtle. To see why, consider the geometric illustrations of the SDP and MLRP in Figure 4.
For the SDP, the linear restrictions imposed by stochastic dominance in state ω2 is simply a
translation of the linear restrictions imposed in state ω1. It is therefore clear that set of
linear preferences that is relevant in each state is the same. However, for the MLRP, the
linear restrictions in state ω2 are not simply a translation of the linear restrictions in state
ω1, and it is therefore not immediately clear if the set of betweenness preferences that is
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relevant is the same in each state. As result, we conclude by providing a formal proof of
Theorem 1 in the next section.

4 Proof

In this section, we first provide some additional notation to describe the intersection between
hyperplanes and the unit simplex (Section 4.1). We then derive geometric properties of the
level curves of a monotone betweenness preference in more detail (Section 4.2), and provide
a characterization of the MLRP in terms of a single-crossing property (Section 4.3). Finally,
we provide the proof of Theorem 1.

4.1 Preliminaries

For vector α ∈ RK , let α(i) denote the i-th component of α; 0 ≡ (0, ..., 0) is the origin;
e ≡ (1, ..., 1) is the vector of 1’s; and ei is the unit vector with ei(j) = 1[j = i], where 1[.]
is the indicator function.

For vector α ∈ RK/{0} and scalar c ∈ R, H(α, c) ≡ {` : α · ` = c} is the hyperplane
in RK defined by norm α and constant c; H+(α, c) is the corresponding upper half-space;
H̊+(α, c) is the strict upper half-space; H−(α, c) is the lower half-space; and H̊−(α, c) is the
strict lower half-space. When c = 0, we omit c from the notation (e.g., H(α) ≡ H(α, 0)).
For a set A ⊂ RK , co(A) denotes the convex hull of A, and A∆ ≡ A∩∆K is the intersection
of A with the unit-simplex in RK , denoted ∆K ≡ {z ∈ RK

+ : e · z = 1}.
To refer to the index of a generic signal s ∈ S, let is ≡ k whenever s = sk. The set of

distribution over signals ∆(S) can be identified with ∆K ; in particular, δs (the distribution
with point-mass on signal s) is identified with eis .

The following lemmas, which play an important role in our formal arguments, are
established in Siga and Mihm (2019).

Lemma 1. For vector α ∈ RK/{0}, and scalars c ∈ R and ĉ 6= 0, we have the following:
(i) H∆(ĉα, ĉc) = H∆(α, c), and (ii) H∆(ĉe + α, ĉ+ c) = H∆(α, c).

Lemma 2. Let α,α′ ∈ RK/{0} be such that H∆
+(α

′) 6= ∆K . There exists λ > 0 such that
λα′ ≥ α if and only if H∆

+(α) ⊂ H∆
+(α

′).

4.2 Geometric properties of betweenness orders

A level curve of a betweenness order � on ∆K is an equivalence class of ∼. By the
betweenness axiom, a level curve can be represented by a hyperplane: it is the intersection
of a hyperplane in RK with the unit-simplex ∆K . On the unit-simplex, the hyperplanes
must satisfy a strict nesting property.
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Definition 7. A collection of hyperplanes {H(αr) : r = 1, ...,R} is nested if, for all r ≥ 2,
either (i) H∆

+(αr) ⊂ H∆
+(αr−1) , or (ii) H∆

+(αr) ⊃ H∆
+(αr−1). The collection is strictly

nested if, for all r = 2, ...,R, either (i) H∆
+(αr) ⊂ H̊∆

+(αr−1), or (ii) H̊∆
+(αr) ⊃ H∆

+(αr−1).

The following definitions relates the nesting property to an order D on the set of signals,
which must be satisfied when the betweenness order is monotone in D.

Definition 8. Let D be a weak order on the set of signals S.
(i) A hyperplaneH(α) is D-compliant if s D s′ and δs ∈ H̊∆

−(α) implies that δs′ ∈ H∆
−(α).

(ii) A collection of hyperplanes {H(αr) : r = 1, ...,R} is D-consistent if it is strictly
nested and H(αr) is D-compliant for all r = 1, ...,R.

(iii) A collection of hyperplanes {H(αr) : r = 1, ....,R} is D-complete if it is D-consistent
and, for all s B s′, δs ∈ H∆

+(αr) and δs′ ∈ H̊∆
−(αr) for some r = 1, ...,R.

We now show that any collection of D-consistent hyperplanes can be viewed as level
curves of a monotone betweenness order. We first establish two additional lemmas needed
for the result.

Lemma 3. Let α′,α′′ ∈ RK/{0} such that ∅ 6= H∆
+(α

′) ⊂ H̊+(α′′), and let S′ be the set of
signals such that δs ∈ H̊−(α′) ∩ H̊+(α′′). For s ∈ S′, there is a hyperplane H(α) such that
(i) A′ ≡ co

(
H∆

+(α
′) ∪

⋃
s′∈S′/{s} δs′

)
⊂ H̊+(α), and (ii) A′′ ≡ co

(
δs ∪H∆

−(α
′′)
)
⊂ H̊−(α).

Proof. Consider s ∈ S′ and first observe that α′′ · δs = α′′(is) > 0 because δs ∈ H̊+(α′′).
Now define α̃ by α̃(j) = α′′(j) if j 6= is, and α̃(is) = 0. Let z ∈ co

(
δs ∪H∆

−(α
′′)
)
. Then

z = θz̃ + (1− θ)δs for some θ ∈ [0, 1] and some z̃ ∈ H∆
−(α

′′). Note that

α̃z = θα̃ · z̃ + (1− θ)α̃(is) = θα̃ · z̃ = θ
∑
j 6=is

α̃(j)z̃(j) = θ (α′′ · z̃ − α′′(is)z̃(is)) ≤ 0,

where the last inequality follows because z̃ ∈ H∆
−(α

′′) and α′′(is) > 0 (by the opening
observation). Hence, z ∈ H∆

−(α̃), and so H∆
−(α̃) ⊃ A′′.

Now let z ∈ H∆
−(α̃). If z = δs, then clearly z ∈ A′′. Now suppose z 6= δs, and let

θ ≡ z(is) ∈ [0, 1). Define z̃ by z̃(j) = 1
1−θz(j) if j 6= is, and z̃(is) = 0. Note that

(1− θ)z̃ + θδs = z. Hence, if z̃ ∈ H−(α′′), then z ∈ A′′. Now observe that

α′′ · z̃ = 1
1− θ

∑
j 6=is

z(j)α′′(j) =
1

1− θ
∑
j 6=is

z(j)α̃(j) =
1

1− θz · α̃ ≤ 0,

where the last inequality follows because z ∈ H∆
−(α̃). As a result, z ∈ A′′, and so

H∆
−(α̃) ⊂ A′′.
We now show that H∆

+(α
′) ⊂ H̊∆

+(α̃). Let E(α′′) be the set of extreme points of
H∆
−(α

′′). As H∆
−(α

′′) is compact and convex, it follows from the Krein-Milman Theorem
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that H∆
−(α

′′) = co(E(α′′)). As δs ∪E(α′′) contains the extreme points of δs ∪H∆
−(α

′′) ,
it follows that δs ∪H∆

−(α
′′) contains the extreme points of co(δs ∪H∆

−(α
′′)). By Step 2,

co(δs ∪H∆
−(α

′′)) = H∆
−(α̃), and so δs ∪H∆

−(α
′′) contains the extreme points of H∆

−(α̃). Since
(δs ∪E(α′′)) ∩H∆

+(α
′) = ∅, it follows that δs ∪E(α′′) ⊂ H̊∆

−(α
′) and, because H̊∆

−(α
′) is

convex, H∆
−(α̃) = co(δs ∪E(α′′)) ∩ ∆K ⊂ H̊∆

−(α
′). Hence, H∆

+(α
′) ⊂ H̊∆

+(α̃).
Next we show that H∆

−(α̃) ∩A′ = ∅. By previous argument, H∆
+(α

′) ∩H∆
−(α̃) = ∅. By

definition,
(⋃

s′∈S′/{s} δs
)
∩H∆

−(α
′′) = ∅ and so

(⋃
s′∈S′/{s} δs

)
∩H∆

−(α̃) = ∅. It therefore

follows that
((⋃

s′∈S′/{s} δs
)
∪H∆

+(α
′)
)
⊂ H̊∆

+(α̃). As H̊∆
+(α̃) is convex, it follows that

A′ ∩H∆
−(α̃) = ∅.

To complete the proof we apply the Separating Hyperplane Theorem. By preceding
arguments, H∆

−(α̃) ∩ A′ = ∅. As both H∆
−(α̃) and A′ are closed and convex, by the

Separating Hyperplane Theorem, there exists α ∈ RK/{0} such that H∆
−(α̃) ⊂ H̊−(α) and

A′ ⊂ H̊+(α).

The next lemma shows that a consistent set of hyperplanes can be completed.

Lemma 4. If {H(αr) : r = 1, ...,R} is a D-consistent collection of hyperplanes, then there
exists a D-complete collection of hyperplanes {H(αj) : j = 1, ...,J} ⊃ {H(αr) : i = 1, ...,R}.

Proof. Suppose {H(αr) : r = 1, ...,R} is a D-consistent collection of hyperplanes. We first
add two additional hyperplanes to this set. Suppose s̄ is D-maximal and δs̄ ∈ H̊∆

+(αR), and
s is D-minimal and δs ∈ H̊∆

−(α1). As the simplex is closed and convex, and δs̄ and δs are
extreme points of the simplex, there exists αH ,αL ∈ RK/{0} such that δs̄ = H∆(αH)

and δs = H∆(αL). Moreover, the collection {H(αr) : r = 1, ...,R} ∪ H(αH) ∪ H(αL)

is also D-consistent. The existence of a D-complete collection {H(αj) : j = 1, ...,J} ⊃
{H(αr) : r = 1, ...,R} then follows by iterative application of Lemma 3.

The following lemma shows that a collection of hyperplanes {H(αr) : r = 1, ...,R}
represents level curves of a monotone betweenness order if and only if the collection is
D-consistent.

Lemma 5. Let {H(αr) : r = 1, ...,R} be a collection of hyperplanes and D a weak order
on S. There is a monotone betweenness order � such that H∆(αr) is a level curves of �
for every r = 1, ...,R if and only if {H(αr) : r = 1, ...,R} is D-consistent.

Proof. It is straightforward to show that D-consistency is necessary and so we omit the
proof. We use the preceding lemma to establish sufficiency.

By Lemma 4, there is a D-complete collection of hyperplanes {H(αj) : j = 1, ...,J} that
contains {H(αr) : r = 1, ...,R}. Define αL and αH as in the proof of Lemma 4, and let
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α0 ≡ αL and αJ+1 ≡ αH . By Lemma 2, it is without loss of generality to assume that
αj+1 < αj for all j = 0, ...,J + 1.

Now define U : ∆K → RK as follows. If ` ∈ H∆(αj) for some j = 0, ..., J + 1, let
U(`) = −αj (this is well-defined as ` can be in at most one H∆(αj)). If ` /∈ H∆(αj) for
some j = 0, ..., J + 1, then ` ∈ H̊∆

−(αj+1) ∩ H̊∆
+(αj) for some j = 0, ..., J + 1. Hence, there

exists θ` ∈ (0, 1) such that ` ∈ H∆ (θ`αj+1 + (1− θ`)αj). Moreover, since αj+1 < αj , θ` is
unique.

Define U(`) ≡ −(θ`αj+1 + (1− θ`)αj). For any two lotteries `, `′ ∈ ∆K , by construc-
tion, `′ ∈ H∆

+(U (`)) if and only if U(`) ≥ U(`′). Now, define a binary relation � on
∆K by ` � `′ if and only if U(`) ≥ U(`′). For lotteries `, `′, either ` ∈ H∆

+(U(`
′)) or

` ∈ H∆
−(U (`

′)), and so � is complete. For lotteries `, `′, `′′ ∈ ∆K , U(`) ≥ U(`′) and
U(`′) ≥ U(`′′) implies U (`) ≥ U (`′′), and so � is transitive. The D-completeness of
{H(αj) : j = 0, ...,J + 1} implies that, if s B s′ then δs ∈ H̊∆

−(U (δs′)), and so � is mono-
tone. If ` � `′ � `′′, then H∆(U(`)) ⊂ H∆

−(U(`
′)) ⊂ H∆

−(U(`
′′)); hence there exists

θ ∈ (0, 1) such that θ`+ (1− θ)`′′ ∈ H∆(U(`′)), and so � is solvable. Finally, (i) if ` ∼ `′,
then θ`+ (1− θ)`′ ∈ H∆(U (`)) for all θ ∈ [0, 1], and so θ`+ (1− θ)`′ ∼ `; (ii) if ` � `′, then
θ`+ (1− θ)`′ ∈ H̊∆

+(`) ∩ H̊∆
−(`
′) for all θ ∈ (0, 1), and so ` � θ`+ (1− θ)`′ � `′. Hence, �

satisfies betweenness, and so � is a betweenness order.

4.3 Single-crossing and the MLRP

We next provide a characterization of the MLRP in terms of hyperplanes where the norms
satisfy a single-crossing property.

Definition 9. For a weak order on signals D, a vector α ∈ RK satisfies D-single-crossing if
α(is) < 0 and s D s′ implies α(is′) ≤ 0. For ` ∈ ∆K , C(`) is the set of vectors α ∈ RK/{0}
such that α satisfies D-single-crossing and α · ` = 0.

Definition 10. Distribution P satisfies the unanimity single-crossing property (USCP) if
there is a weak order D on signals such that v(ω) > v(ω′) implies

Pω ∈

 ⋂
α∈C(Pω′ )

H∆
+(α)


and Pω ∈ H̊∆

+(α) for some α ∈ C(Pω′).

Lemma 6. Distribution P satisfies the MLRP iff it satisfies the USCP.

Proof. (1) We first show that the MLRP implies the USCP. Let D be the weak order
on signals from the MLRP, and let v(ω) > v(ω′). Choose any α ∈ C(Pω′), and let
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k̂ = max{k : α(k) < 0} (k̂ is well-defined as α 6= 0, α · Pω′ = 0, and α satisfies D-single-
crossing), and let is = k̂. By the MLRP,

Pω′(s′) ≥ Pω′(s)

Pω(s)
Pω(s

′) for all s′ E s, and

Pω′(s′′) ≤ Pω′(s)

Pω(s)
Pω(s

′′) for all s′′ B s.

Moreover, one of these inequalities is strict as Pω 6= Pω′ (by the MLRP). As α ∈ C(Pω′), it
follows that

0 = α · Pω =
∑
s′Es

α(is′)Pω′(s′) +
∑
s′′Bs

α(is′′)Pω′(s′′)

<
∑
s′Es

α(is′)
Pω′(s)

Pω(s)
Pω(s

′) +
∑
s′′Bs

α(is′′)
Pω′(s)

Pω(s)
Pω(s

′′) =
Pω′(s)

Pω(s)
α · Pω

Hence, Pω ∈ H̊∆
+(α). As α was chosen arbitrarily, Pω ∈

⋂
α∈C(Pω′ )H

∆
+(α). It remains to

show that
⋂
α∈C(Pω′ )H

∆
+(α) 6= ∅. Choose any s B s′ (which is non-empty by the MLRP)

and define α ∈ RK by

α(k) =


Pω′(s′) if k = is

−Pω′(s) if k = is′

0 otherwise

Then α satisfies D-single-crossing, and α ·Pω′ = Pω′(s′)Pω′(s)−Pω′(s)Pω′(s′) = 0. Because
ω and ω′ were arbitrary, P satisfies the USCP.

(2) We now show that the USCP implies the MLRP. Let D be the weak order on signals
from the USCP, and let v(ω) > v(ω′). Choose any pair of signals such that s D s′. Define
α ∈ RK as in the preceding paragraph, so that α satisfies D-single-crossing and α · Pω′ = 0.
Hence, α ∈ C(Pω′) and, by the USCP, 0 ≤ α · Pω = Pω(s)Pω′(s′)− Pω(s′)Pω′(s). As the
same construction can be used for all s D s′, and Pω 6= Pω′ , P satisfies the MLRP.

4.4 Proof of Theorem 1

Proof. We use the characterization of the MLRP in terms of a single-crossing property from
Lemma 6. Let D be a weak order on signals, and fix some ω and ω′ such that v(ω) > v(ω′).

We first show that if Pω � Pω′ for every monotone betweenness order, and strictly for
some monotone betweenness order, then Pω ∈

(⋂
α∈C(Pω′ )H

∆
+(α)

)
and Pω ∈ H̊∆

+(α) for some
α ∈ C(Pω′). For this, choose any α ∈ C(Pω′). As α satisfies D-single-crossing, H∆(α) is
D-compliant. By Lemma 5, there exists a monotone betweenness order � such that H∆(α)

is the level curve of � that contains Pω′ . Since every monotone betweenness order ranks Pω
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higher than Pω′ , it follows that Pω � Pω′ , and so Pω ∈ H∆
+(α). As α ∈ C(Pω′) was arbitrary,

Pω ∈
⋂
α∈C(Pω′ )H

∆
+(α). Finally, as Pω � Pω′ for some monotone betweenness order, the

preceding arguments are easily adapted to show that Pω ∈ H̊∆
+(α) for some α ∈ C(Pω′).

For the converse, we show that if Pω ∈
(⋂

α∈C(Pω′ )H
∆
+(α)

)
, and Pω ∈ H̊∆

+(α) for some
α ∈ C(Pω′), then Pω � Pω′ for all monotone betweenness orders and strictly for some
monotone betweenness order. For this, choose any D-monotone betweenness order �. As
the level curves of � are described by the intersection of hyperplane and ∆K , there exists
α ∈ RK such that Pω′ ∈ H(α) and (i) ` ∈ H̊∆

+(α) implies ` � Pω′ , and (ii) ` ∈ H̊∆
−(α)

implies Pω′ � `. Clearly, α · Pω′ = 0 (as Pω′ ∈ H(α)). We want to show that α satisfies
D-single-crossing. For contradiction, suppose it does not. Then, for some s B s′, α(is) < 0
and α(is′) > 0. Hence, δs · α = α(is) ≤ 0 and δs′ · α = α(is′) > 0. Therefore, δs ∈ H∆

−(α)

and δs′ ∈ H̊∆
+(α), which implies that δs′ � Pω′ and Pω′ � δs. As � is transitive, it follows

that δs′ � δs, contradicting the fact that � is monotone. As a result, it must be that α
satisfies D-single-crossing, and so α ∈ C(Pω′). Because Pω ∈

(⋂
α∈C(Pω′ )H

∆
+(α)

)
, it follows

that Pω ∈ H∆
+, and so Pω � Pω′ . Finally, since Pω ∈ H̊∆

+(α) for some α ∈ C(Pω′), it follows
that there exists a D-compliant hyperplane H(α) such that Pω′ ∈ H∆(α) and Pω ∈ H̊∆

+(α).
By Lemma 5, there exists a monotone betweenness order such that Pω � Pω′ .
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