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Abstract

This paper studies when equilibrium prices can aggregate information in a large common-value
auction. We identify a weak order property on information—the betweenness property—that is
necessary and sufficient for aggregation. The betweenness property is satisfied in many environments
where the previous literature makes no predictions about information-efficiency in auctions. As
an application, we consider a multidimensional environment where the value depends on many
assets, but signals are specialized to individual assets. Information in this environment is highly
fragmented, yet we provide conditions for generic existence of aggregating equilibrium prices.
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1 Introduction

In a market with many privately informed traders, the price aggregates information if it reveals the
value of the goods or assets. The idea that competition facilitates information aggregation is a key
argument in favor of decentralized markets, and so identifying when equilibrium prices have this
property is central to the study of market exchange.

Common-value auctions provide a natural setting to study the aggregation properties of markets
because of their broad empirical relevance and simple pricing rules. In a small auction, the price
generally provides a noisy estimate of value. The question is whether, in a highly competitive auction,
equilibrium prices aggregate the private information diffused over a large number of market participants,
revealing the value of the goods or assets.

This paper characterizes when equilibrium prices can aggregate information in a large common-value
auction. We consider a highly competitive auction where a mass 1 of bidders compete for a mass
g ∈ (0, 1) of homogeneous goods. The value of a unit of the good, v(x) > 0, is common but depends
on an unknown state x, drawn from a finite set X . Conditional on the state, bidders receive a private
∗We thank Nageeb Ali, Vladimir Asriyan, Ayelen Banegas, Vince Crawford, Vijay Krishna, Mark Machina, Jeroen

Swinkels, Juuso Välimäki, and Joel Watson for helpful comments and suggestions. Special thanks to Joel Sobel for his
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signal s, drawn independently from a distribution Px on a finite set S, and then submit a sealed bid.
The price is equal to the (1− g)-quantile of the cumulative bid distribution, and every bid above
the price wins a unit of the good.1 The key primitive of the model is the information structure,
{Px ∈ ∆(S) : x ∈ X}, which relates states to the conditional distributions over signals.2

Our main result shows that equilibrium prices can aggregate information if and only if the
information structure is monotone with respect to a betweenness order. Betweenness orders are a
generalization of expected utility (EU) introduced in Chew (1983) and Dekel (1986).3 In our setting,
betweenness orders provide a way to rank distributions over signals: an information structure satisfies
the betweenness property if there is a betweenness order � on ∆(S) such that higher values generate
better conditional distributions: v(x) > v(x′) implies Px � Px′ (see Figure 1).
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Figure 1: Betweenness property.
There are three states X = {1, 2, 3}, three signals S = {L,M ,H}, and v(x) = x. Point x represents the
conditional distribution over signals, Px. The lines labeled u1 and u2 are level curves of a betweenness
order � on ∆(S), and the arrow indicates direction of improvement. Since higher values generate
better conditional distributions with respect to �, the information structure {P1,P2,P3} satisfies the
betweenness property.

When the betweenness property is satisfied, we show that it is always possible to construct a
symmetric equilibrium strategy-profile such that the price equals the value almost surely. Conversely,
when the betweenness property is not satisfied, equilibrium prices cannot aggregate information.

Our aggregation result builds on a literature that uses common-value auctions to study the
information aggregation properties of competitive markets. In a common-value uniform-price auction
with n bidders and G goods, Pesendorfer and Swinkels (1997) show that equilibrium prices converge
in probability to the value as (n−G) → ∞ and G → ∞.4 Hence, the price aggregates information
asymptotically as the auction becomes increasingly competitive. The key assumption in Pesendorfer and

1The (1− g)-quantile of the cumulative bid distribution is the lowest bid so that one unit of the good can be awarded
for every bid strictly above the price. A tie-breaking rule ensures that the market clears.

2The prior over states and the information structure are derived from a joint probability distribution P on X ×S,
which is common-knowledge. Only the properties of the information structure are relevant for our results. Finite states
and signals allow us to use linear programming tools and provide a geometric interpretation of our results.

3While the level curves of an EU function are linear and parallel, the level curves of a betweenness order are linear
but not necessarily parallel (see Section 2). We use the symbol � to denote a weak order on ∆(S), and � to denote its
asymmetric part.

4Wilson (1977) and Milgrom (1979, 1981) consider the case where G is fixed and n → ∞. Under these conditions,
information aggregation requires that signals convey very precise information about values. An important insight in
Pesendorfer and Swinkels (1997) is that in many auctions—and especially when using auctions as a model of other
markets—it is more natural to assume that both the demand-side (n) and the supply-side (G) of the market are large.
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Swinkels (1997), and the subsequent literature, is that signals must satisfy the monotone likelihood ratio
property (MLRP).5 The MLRP implies that higher signals make bidders uniformly more optimistic
about values. This simplifies equilibrium bidding behavior, but at the cost of a strong a prior
restriction on information. There are many environments — for instance, when states and signals are
multidimensional — where the MLRP fails, and the previous literature makes no predictions regarding
information efficiency in auctions.
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Figure 2: Equilibrium strategy.
Figure 2 is identical to Figure 1, but the lines now describe a bidding strategy. Suppose that g = 1/2
and bidders follow a symmetric strategy σ where they bid 1 with signal L, 2 with signal M , and 3 with
signal H. The line labeled hb represents distributions over signals where the cumulative probability at
b ∈ {1, 2} is exactly 1/2. Since P1 is in the upper half-space of h1, in state 1 each bidder submits a bid
less than 1 with probability greater than 1/2. By the SLLN, the mass of bids greater than 1 is therefore
a.s. greater than 1/2. Since no one submits a bid less than 1, the median bid is 1, and so the price
reveals the value. A similar argument for states 2 and 3 shows that σ aggregates information.

We depart from the literature by considering an auction with an infinite number of bidders and
goods. The large population implies that individual bidders have negligible price impact, which
simplifies strategic bidding behavior relative to a finite auction. As a result, we are able to relate
the aggregation problem directly to a property of bidding strategies, without imposing any a prior
restrictions on the information of individual bidders. In a large population, the Strong Law of Large
Numbers (SLLN) implies that the price in state x is determined (a.s.) by the conditional distribution
over signals Px and the the (1− g)-quantiles of the average bidding strategy. The key step in our
proof shows that the quantiles of any bidding strategy–including the average bidding strategy–can
be represented by a betweenness order, and vice versa. The aggregation properties of auction prices
therefore follow from a duality between bidding strategies and betweenness orders (see Figure 2).

To illustrate how our aggregation result relates to the literature, we show that MLRP can also be
characterized in terms of betweenness orders. The relation between the MLRP and the betweenness
property is analogous to the well-known relation between first-order stochastic dominance (FOSD)
and EU. An information structure satisfies FOSD if and only if it fulfills a unanimity EU property,

5An information structure satisfies the MLRP if the conditional distribution over signals for a higher value likelihood-
ratio dominates the conditional distribution for every lower value (Definition 7 in Section 3.4). When the MLRP is
satisfied, Kremer (2002) derives the asymptotic price distribution for a variety of auction formats, generalizing results in
Pesendorfer and Swinkels (1997). There are also reasons why information aggregation can fail even when the MLRP is
satisfied. For instance, costly information acquisition (Jackson 2003), uncertainty about the number of bidders (Harstad,
Pekeč, and Tsetlin 2008), costly bidder solicitation (Lauermann and Wolinsky 2013, 2016), or state-dependent outside
options (Atakan and Ekmekci 2014, 2016) can all impede information aggregation.
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whereby higher values generate better conditional distributions in terms of every EU function. Likewise,
we show that the MLRP is equivalent to a unanimity betweenness property, whereby higher values
generate better conditional distributions in terms of every betweenness order. The betweenness property
generalizes the MLRP by removing a unanimity requirement that is not needed for equilibrium prices
to aggregate information.6

MLRP

UBP

FOSD

UEUP

EUPBP

Figure 3: Relations between information properties.
FOSD is equivalent to a unanimity EU property (UEP), which implies an EU property (EP). The
MLRP is equivalent to a unanimity betweenness property (UBP), which implies the betweenness property
(BP). As betweenness orders are a generalization of EU, it follows that EP implies BP, and MLRP
implies FOSD.

We also show that the betweenness property is generic whenever there are at least as many signals
as states. Together with our main result, we thereby obtain a condition that guarantees information
can be aggregated generically. In particular, the condition depends only on the cardinality of states and
signals, and requires no particular order on the signals. By contrast, the set of information structures
that satisfy the MLRP vanishes as the number of states increases, regardless of the number of signals.

As an application of our central findings, we study an environment where states have many charac-
teristics, but signals are specialized to individual characteristics. This multidimensional environment
reflects key features of a market where participants have specialized knowledge (e.g., by region or
industry), and information comes from various unrelated sources. For example, one could think of the
market for a security that bundles many assets, and traders who are specialized in different asset classes.
The signal a trader receives then conveys information that is relevant to only part of the security, and
traders are reliant on prices to aggregate the fragmented information diffused in the marketplace. The
MLRP generally fails in such environments, yet we show that information aggregation is a generic
equilibrium property as long as there are sufficiently many signals for each characteristic.

Finally, we also consider auctions with a finite number of bidders. As in Pesendorfer and Swinkels
(1997), we focus on symmetric strategies and let both the population and number of bidders grow. In this
setting, the betweenness property characterizes when prices can aggregate information asymptotically.
Moreover, while a strategy that aggregates information is not necessarily an equilibrium in a finite
population, we show that it approximates equilibrium as the population grows and market power
vanishes.

6When the MLRP is satisfied, Pesendorfer and Swinkels (1997) show that there is a unique symmetric equilibrium that
aggregates information asymptotically. We show that information aggregation is an equilibrium property under conditions
that are significantly less restrictive than the MLRP. However, we are unable to establish whether the betweenness
property is sufficient for every equilibrium to aggregate information.
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Our results for finite auctions have similar limitations as results reported in Pesendorfer and
Swinkels (2000). They extend their earlier work by incorporating a private-value component in payoffs.
Information about the common-value component satisfies the MLRP, but the private-value component
makes it extremely difficult to solve for equilibrium. As a result, Pesendorfer and Swinkels (2000)
do not establish existence, but show that (i) if a symmetric equilibrium exists, then it aggregates
information asymptotically, and (ii) an ε-equilibrium exists, where ε can be chosen arbitrarily close
to 0 for sufficiently large n. Our results for finite auctions are similar, but instead of a private-value
component, solving for an equilibrium is difficult because we do not impose the MLRP.

The present paper is also related to recent work by Barelli, Bhattacharaya, and Siga (2017). They
analyze a multi-candidate election with private information, and show when a voting strategy can
aggregate information asymptotically. Among other findings, they draw on arguments developed in
the present paper to show that information aggregation is generic when there are more signals than
states, providing an analog of our genericity result in a voting environment.

The remainder of the paper is organized as follows. The next section defines the betweenness
property. Section 3 describes the large auction, presents our information aggregation results, and
establishes the relation with the MLRP. Section 4 characterizes when information can be aggregated
generically. Section 5 considers a multidimensional environment, where signals provide information
about only one characteristic of a state. Finally, section 6 shows how our results can be interpreted in
finite auctions. Proofs are given in a separate Appendix.

2 The betweenness property

There is a finite set of states X = {x1, ...,xM}, a finite set of signals S = {s1, ...., sK}, and probability
distribution P on X ×S, with full support. Every state has a value, given by v : X → R++, and we
are interested in the information that signals convey about values when the state is not observable.

Let PS|x ∈ ∆(S) denote the distribution over signals conditional on state x. For simplicity, we
often write Px instead of PS|x. The probability distribution P is fully described by the marginal over
states PX ∈ ∆(X ) and the information structure PS|X ≡ {Px : x ∈ X}.

We can identify the set of distributions over signals, ∆(S), with the unit-simplex in RK . Typical
elements of ∆(S) are denoted `, `′, `′′, and called lotteries. A weak order is a complete and transitive
binary relation on lotteries. We use the symbol � to denote a weak order, with asymmetric part � and
symmetric part ∼. The following definition summarizes some well-known properties of weak orders.

Definition 1. A weak order � on ∆(S) satisfies (i) solvability if ` � `′ � `′′ implies θ`+ (1− θ)`′′ ∼ `′

for some θ ∈ (0, 1); (ii) independence if ` � `′ implies θ` + (1 − θ)`′′ � θ`′ + (1 − θ)`′′ for all
θ ∈ (0, 1); and (iii) betweenness if ` � `′ implies ` � θ`+ (1− θ)`′ � `′ (respectively, ` ∼ `′ implies
` ∼ θ`+ (1− θ)`′ ∼ `′) for all θ ∈ (0, 1).

Conditions (i)–(iii) have been studied extensively in the literature on decision-making under risk,
where S is interpreted as a finite set of prizes, ` is a lottery over prizes, and � is a preference relation
over lotteries. The conditions characterize two prominent models of decision-making under risk.
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Definition 2. A weak order � that satisfies solvability and independence is an EU order. A weak
order that satisfies solvability and betweenness is a betweenness order.

Both EU and betweenness orders have the property that level curves can be represented by hyper-
planes. A norm α ∈ RK , and a constant c ∈ R, define a hyperplane, H(α, c) ≡ {z ∈ RK : z · α = c},
with upper half-space H+(α, c) and lower half-space H−(α, c).

An EU order can be represented by parallel hyperplanes. In particular, for an EU order �, there
exists a vector α ∈ RK such that `′ � ` if and only if α · `′ ≥ α · `. For any lottery `, define the
hyperplane H(α,α · `), so that `′ � ` if and only if `′ ∈ H+(α,α · `). Restricted to the unit-simplex,
the collection of parallel hyperplanes {H(α,α · `) : ` ∈ ∆(S)} represents the level curves of the EU
order � (see Figure 4a).
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Figure 4: Level curves of weak orders.
Lines u1, ...,u5 represent level curves of a weak order, and arrows indicate the direction of improvement.
The lines extend beyond the simplex to indicate that the diagram illustrates a restriction of objects in R3

to the unit-simplex. Figure 4a illustrates level curves of an EU order. On the simplex, the level curves
are straight and parallel. Figure 4b illustrates level curves of a betweenness order. On the simplex, the
level curves are not necessarily parallel, but satisfy a strictly nesting property. As indicated by u2 and
u3, the nesting property does not need to extend outside the simplex. Figure 4c illustrates a weak order
that violates the betweenness axiom because the level curves cannot be represented by hyperplanes.

Betweenness orders are a generalization of EU. They have been studied extensively in the literature
on decision-making under risk because they can accommodate well-known behavioral anomalies such
as the Allais paradox (see, e.g., Dekel 1986).

A betweenness order can also be represented by a collection of hyperplanes: for any lottery `,
there is a hyperplane H(α`, c`) such that `′ � ` if and only if `′ ∈ H+(α`, c`). The hyperplanes
{H(α`, c`) : ` ∈ ∆(S)} that represent a betweenness order are not necessarily parallel. However,
when restricted to the unit-simplex, they must satisfy a strict nesting property: if ` � `′ then the
upper half-space of H(α`, c`) is contained in the strict upper half-space of H(α`′ , c`′) (see Figure 4b).
This nesting property is important to establish a duality between cumulative bidding strategies and
betweenness orders (Section 3.3).

In our setting, a weak order � provides a way to rank distributions over signals, and formalize the
notion that higher values generate better conditional distributions.

Definition 3. Distribution P satisfies the betweenness property (respectively, EU property) if there is
a betweenness order (respectively, EU order) � such that v(x) > v(x′) implies Px � Px′ .
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The betweenness property is central in our analysis of auctions; the EU property provides a useful
reference and plays a role in our genericity results. As betweenness orders generalize EU orders, the
EU property implies the betweenness property (and not vice versa). Figures 5 and 6 illustrate these
information properties in a setting with three signals.
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Figure 5: Information structures satisfying the betweenness property.
The information structure in Figure 5a satisfies the EU property. In Figure 5b, it does not satisfy the
EU property because the translation of any level curve with the correct ranking over P1 and P2 always
implies the wrong ranking over P3 and P4. However, the information structure satisfies the betweenness
property because for a betweenness order, moving to a higher level curve can involve rotation as well as
translation.
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Figure 6: Failures of the betweenness property.
Figures 6a and 6b illustrate two failures of the betweenness property; in both cases it is not possible for
a straight line to separate high from low states. In Figure 6a, P4 is in the convex hull of {P1,P2,P3}:
a straight line therefore cannot strictly separate P4 from {P1,P2,P3}. In Figure 6b, the convex hull of
{P1,P2} intersects the convex hull of {P3,P4}: a straight line cannot strictly separate {P1,P2} from
{P3,P4}. Figure 6c illustrates a different failure of the betweenness property: straight lines can separate
high from low states, but a straight line that strictly separates P1 from {P2,P3,P4}, and a straight line
that strictly separates P4 from {P1,P2,P3}, must intersect inside the simplex. As a result, a strict
separation is not consistent with the nesting property.

3 Large auction

In this section, we characterize when equilibrium prices can aggregate information in a large common-
value auction. As in Section 2, there is a finite set of states X , a finite set of signals S, and a probability
distribution P on X × S, with full support. Every state has a value, given by v : X → R++, and we
are interested in the information that prices convey about values.
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Nature first draws a state x ∈ X according to the marginal PX . Bidders do not observe the state,
but receive a private signal s ∈ S drawn independently from the conditional distribution Px ∈ ∆(S).
Signals are therefore i.i.d conditional on the state.7 After receiving signals, bidders submit a sealed bid
from compact a interval B ≡ [0, b̄] ⊃ v(X ). The profile of bids determines a price p and an allocation
of goods. Bidders have unit demand, and receive payoff v(x)− p if they win a unit of the good and 0
otherwise. The value of a unit of the good is therefore common for all bidders, but depends on the
unknown state.

The auction format describes how the price and allocation are determined. We adapt the standard
uniform-price auction-mechanism for an infinite number of bidders and goods. We first describe how
we model the large population and then describe the auction format. Our main result shows that
equilibrium prices can aggregate information in the large auction if and only if the betweenness property
is satisfied.

3.1 Proper large population

To emulate conditions of perfect competition, we consider an auction with an infinite number of
bidders and goods. Following Aumann (1964), it is common to model an infinite population as a
continuum endowed with a non-atomic probability measure (for example, the Lebesgue measure on
[0, 1]). There are, however, some well-known limitations of the continuum-agent framework (see,
e.g., Judd 1985; Al-Najjar 2008). First, there is a measurability problem when agents and/or nature
randomize independently, which poses a challenge in strategic settings with incomplete information.
Second, standard laws of large numbers do not extend to a continuum of random variables, which
poses a challenge when describing aggregate outcomes such as prices.

As we are interested in the prices in a strategic setting with incomplete information, we use an
alternative population model introduced in Al-Najjar (2008). In this model, a large population consists
of a tuple (I, I,λ), where I ⊂ [0, 1] is a countable set of agents, I is the power-set on I, and λ is a
finitely-additive probability measure on (I, I) with λ(i) = 0 for all i ∈ I. As in a continuum-agent
framework, λ(i) = 0 means that agent i has negligible market power. However, because I is the
power-set, there are no measurability restrictions. Moreover, when the large population is modeled as a
suitable limit of finite populations, a SLLN applies and provides a simple characterization of aggregate
behavior. We briefly present the formal definition below and refer to Al-Najjar (2008) for a detailed
discussion (including proof of existence).8

Consider a sequence {In}∞n=1 of finite subsets of [0, 1], where each In can be interpreted as a finite
set of agents (or bidders). The sequence {In}∞n=1 is proper if In ( In+1 for all n and limn→∞

#In−1
#In = 0

7The literature generally requires that signals are independent conditional on values (see, e.g., Pesendorfer and Swinkels
1997 or Kremer 2002). We only require that signals are independent conditional on the state, and allow for multiple
states with the same value. As a result, signals are not necessarily independent conditional on values. This generalization
is especially relevant for our result on multidimensional environments in Section 5.

8Al Najjar (2008) provides a detailed analysis and discussion of the connection between asymptotic equilibria in finite
games, equilibria in a large population game, and equilibria in a continuum-agent game. There is an error in the result
relating asymptotic equilibria in finite games with the equilibria in a large population game (see Tolvanen and Soultanis
2012). This error is inconsequential for our analysis because the requirements of the asymptotic results in Section 6 are
weaker, and our proofs are based on different arguments.
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(i.e., the population grows at an increasing rate). The following definition describes a large population
that can be viewed as the limit of a proper sequence of finite populations.

Definition 4. The large population (I, I,λ) is proper if there is a proper sequence of finite populations
{In}∞n=1 such that I =

⋃∞
n=1 In and, for any finite collection {I ′r ∈ I : r = 1, ...,R}, there exists a

subsequence {Ih}∞h=1 such that λ (I ′r) = limh→∞
#(I′r∩Ih)

#Ih for all r = 1, ...,R.

3.2 Auction format

We now describe how we adapt a standard uniform-price auction to a large population environment.9

Let (I, I,λ) be a proper large population of bidders, and let g ∈ (0, 1) be a mass of homogenous goods.
A bid-profile, a : I → B, is an assignment of bids to every bidder. The set of bid-profiles A is

endowed with the σ-algebra generated by cylinder sets.10 Given a bid-profile a, the price p(a) is equal
to the (1− g)-quantile of the cumulative bid distribution, i.e., p(a) is the lowest bid such that the mass
of bids strictly greater than p(a) is less than g. At this price, one unit of the good can be allocated for
every bid strictly above the price. If there are goods remaining, all bids equal to the price have an
independent and equal chance of receiving a unit of the good. This ensures that the market clears
almost surely. Bidder i’s payoff is πi(a|x) ≡ w(i, a) (v(x)− p(a)), where w(i, a) is the probability that
bidder i wins a unit of the good given the bid-profile a.

We refer to a bidder who receives a specific signal as a type. A strategy-profile σ : I×S → ∆(B) is
a mapping from types to Borel probability distributions over bids. Strategy-profile σ and conditional
distribution Px induce a unique countably additive probability measure P σx over bid-profiles by the Hahn-
Kolmogorov Extension Theorem. The expected payoff of type (i, s) is Πi (σ|s) ≡

∑
x Πi(σ|x)Ps(x),

where Πi (σ|x) ≡
∫

A πi(a|x)dP σx is the expected payoff conditional on state x, and Ps(x) is the
probability of state x conditional on signal s. A strategy-profile σ is a Bayes-Nash equilibrium
(henceforth, equilibrium) if each type maximizes their expected payoff given the strategy of other types
(i.e., each type plays a best-response).11

3.3 Information aggregation

In principle, a state x and strategy-profile σ induce a distribution over prices, derived from the
distribution P σx over bid-profiles. However, the SLLN implies that the price is equal to a constant
almost surely.

Proposition 1. For every strategy-profile σ there exists a unique price-function pσ : X → B such that,
in every state x, the price is equal to pσ(x) almost surely.12

9Some formal details are postponed to Appendix A.3.2.
10Formally, A = {a : I→ B} is endowed with the σ-algebra A generated by cylinder sets of the form {a : a(i) = b} for

some i ∈ I and b ∈ B.
11Alternatively, one could define σ as an equilibrium if the set of types playing a best-response has measure 1. All

results apply for either definition.
12Formally, this means that there is a measurable set of bid-profiles A ∈ A such that (i) p(a) = pσ(x) for all a ∈ A,

and (ii) Pσx (A) = 1.
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We are interested in the information that the price-function pσ conveys about the values. Consider,
first, a counterfactual environment where signals are public. By the SLLN the mass of bidders who
receive signal s in state x is Px(s), and public signals therefore reveal the value. Moreover, when
the value is revealed, it is a dominant strategy to bid the value, and so the equilibrium price under
public information equals the value. As a result, there are two ways to compare the private and public
information environments. A strategy-profile σ conveys the same information as would be available
when all signals are public if the price function pσ identifies the value function. On the other hand,
a strategy-profile σ induces the same price as would obtain when all signals are public if the price
function pσ equals the value function. The following definition formalizes these information criteria,
adapting definitions in Kremer (2002) to our environment.

Definition 5. Strategy-profile σ is informative if v(x) 6= v(x′) implies pσ(x) 6= pσ(x′), and aggregates
information if pσ = v.

Clearly, a strategy-profile that aggregates information is also informative. The following proposition
shows that, for equilibrium strategies, the converse also holds.

Proposition 2. A strategy-profile is an informative equilibrium if and only if it aggregates information.

Proposition 2 has several implications. First, a strategy-profile that aggregates information is an
equilibrium. This follows because, with a large population, individual bidders have no impact on prices.
As a result, when the price equals the value almost surely, expected payoffs are zero regardless of an
individual bidder’s strategy. This feature of the large auction simplifies the analysis of equilibrium
bidding behavior relative to a finite auction.

Second, every informative equilibrium must aggregate information. To see why, suppose that the
strategy-profile σ is informative but there is a state x such that pσ(x) < v(x). Since the price is strictly
less than the value, it would be good to win the auction in state x. In general, there could be another
state x′ where the price is strictly lower than the value, and it is therefore bad to win the auction.
However, because σ is informative, pσ(x′) 6= pσ(x), and so a type who submits a bid equal to pσ(x)
can increase their bid slightly above pσ(x), thereby guaranteeing that they win the auction in state
x (where it is good to win the auction) without changing the likelihood that they win the auction
in state x′ (where it is bad to win the auction). Intuitively, this means that competitive forces exert
upward pressure on the price in state x, and downward pressure on the price in state x′, and σ is not
an equilibrium.

We can now state our main result. By Proposition 2, it is equivalent to state the theorem for an
informative equilibrium or a strategy-profile that aggregates information.

Theorem 1. There is a strategy-profile that aggregates information if and only if the betweenness
property is satisfied.

Theorem 1 follows from a general property of bidding strategies, which maps signals into Borel
probability distributions over bids. A bidding strategy σi can be described by a vector of cumulative dis-
tribution functions F σi(b) ≡ (F σ(i,s1)(b), ...,F σ(i,sK )(b)), where F σ(i,sk)(b) is the probability that type
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(i, sk) submits a bid less than or equal to b. For each b ∈ B, define the hyperplane H(F σi(b), 1− g) with
norm F σi ∈ RK and constant (1− g) ∈ (0, 1). The collection of hyperplanes {H(F σi(b), 1− g) : b ∈ B}
then provides a complete description of the bidding strategy σi.

The key step in the proof shows that, when restricted to the unit-simplex, the hyperplanes of
bidding strategy σi satisfy (essentially) the same nesting property as the level curves of a betweenness
order.13 As a result, any bidding strategy can be approximated by a betweenness order (and vice
versa). Moreover, the approximation is sufficiently precise for the betweenness property to characterize
when information aggregation is possible.

To illustrate, suppose there are three states X = {1, 2, 3}, three signals S = {L,M ,H}, and
v(x) = x for each state. In Figure 7a, the vectors αl and αm are norms of two hyperplanes, H(αl, cl)
and H(αm, cm), that represent level curves of a betweenness order �. Because higher values generate
better conditional distributions, the information structure satisfies the betweenness property.

b

b

b

LH

M

1

2

3

αm

αl

(a) Betweenness property

b

b

b

LH

M

1

2

3

F σ̄(1)

F σ̄(2)

(b) Equilibrium strategy

Figure 7: Betweenness orders and bidding strategies.
Figure 7 illustrates the duality between bidding strategies and betweenness orders. In Figure 7a, the
vectors αl and αm are norms of hyperplanes that represent level curves of a betweenness order �. As
higher values generate better conditional distributions, the information structure {P1,P2,P3} satisfies
the betweenness property. In Figure 7b, the vectors F σ̄(1) and F σ̄(2) are norms of hyperplanes that
represent a mean cumulative bidding strategy. As higher values generate higher (1− g)-quantiles, the
strategy-profile is informative; it aggregates information when σ̄ has support {1, 2, 3}.

The first step in the equilibrium construction involves manipulating the hyperplanes H(αl, cl) and
H(αm, cm) in a way that does not change where they intersect the unit simplex. As a result, the new
hyperplanes still represent the same betweenness order.14 In particular, we show that the constants
can be chosen so that cl = cm = 1− g, and the norms can be chosen so that αl,αm ∈ [−1, 0]3 and
αl >> αm. The last manipulation, which ensures that αl is strictly greater (in every component) than
αm, uses the strict nesting property of the betweenness order �.

We use hyperplanes αl and αm to construct a symmetric strategy-profile σ, where each bidder
13There is a qualifier because the level curves of a betweenness order � satisfy a strict nesting property, while the

hyperplanes of a strategy σi satisfy a weak nesting property.
14To illustrate, consider an EU order �. Recall that � can be represented by a collection of parallel hyperplanes
{H(α,α · `) : ` ∈ ∆(S)} for some α ∈ RK . However, the EU order � can also be represented by a collection of non-parallel
hyperplanes. For example, for each lottery `, define the hyperplane H(α−α · `, 0). Then `′ ∈ H+(α−α · `, 0) if and only
if α · `′ − α · ` ≥ 0, i.e., `′ � `. As a result, the collection of hyperplanes {H(α− α · `, 0) : ` ∈ ∆(S)} also represents the
EU order �, but these hyperplanes are not parallel.

11



randomizes over the finite set of values {1, 2, 3}. As a result, σi is described by a 2× 3 matrix,15

F σi ≡
(
F σi(1)
F σi(2)

)
≡
(
F σ(i,L)(1) F σ(i,M)(1) F σ(i,H)(1)
F σ(i,L)(2) F σ(i,M)(2) F σ(i,H)(2)

)
.

In particular, we can choose σi so that F σi(1) = −αl and F σi(2) = −αm. Using αl and αm to define
a strategy is possible only because, by manipulating the hyperplanes that describe the betweenness
order, we are able to ensure that −αl(s),−αm(s) ∈ [0, 1] and −αl(s) < −αm(s).

Then, the symmetric strategy-profile σi, where every bidder follows σi, aggregates information. To
see why, let F σix (b) denote the probability that bidder i submits a bid less than or equal to b in state
x. By Bayes rule, F σix (b) = F σi(b) · Px. Moreover, when all bidders follow the strategy σi, the SLLN
implies that F σix (b) is almost surely equal to the mass of bidders who actually submit a bid less than
or equal to b. As a result, we have the following:

(a) As P1 is in the strict upper half-space of H(−αl, 1− g), it follows that F σi(1) · P1 > 1− g. In
state 1, the mass of bids above 1 is therefore (a.s.) strictly less than g, and so the price can be no
higher than 1. On the other hand, no bidder submits a bid strictly lower than 1, and so the price can
be no lower than 1. Therefore, pσ(1) = 1 (see Figure 8a).

(b) As P2 is in the strict lower half-space of H(−αl, 1− g), it follows that F σi(2) · P2 < 1− g. In
state 2, the mass of bids strictly above 2 is therefore (a.s.) strictly greater than g, and so the price must
be strictly greater than 2. On the other hand, P2 is in the strict upper half-space of H(−αm, 1− g),
and so F σi(2) · P2 < 1− g. As a result, the mass of bids above 2 is (a.s.) less than g, and so price can
be no higher than 2. Because no one submits a bid in the interval (1, 2), it follows that pσ(2) = 2 (see
Figure 8b).

(c) As P3 is in the strict lower half-space of H(−αm, 1− g), it follows that F σi(2) · P3 < 1− g. In
state 3, the mass of bids strictly above 2 is therefore (a.s.) strictly greater than g, and so the price
must be strictly greater than 2. On the other hand, no one submits a bid greater than 3, and so the
price can be no higher than 3. Because no one submits a bid in the interval (2, 3), it follows that
pσ(3) = 3 (see Figure 8c).16

The argument for the converse also exploits the duality between bidding strategies and betweenness
orders. Let the strategy-profile σ aggregate information, and F σ̄ ≡ (F σ̄(L),F σ̄(M),F σ̄(H)) represent
the mean cumulative bidding strategy. Let Hb ≡ H(F σ̄(b), 1− g) for b = 1, 2. Because σ aggregates
information, P1 must be in the upper half-space of H1; P2 must be in the strict lower half-space of H1

and the upper half-space of H2; and P3 must be in the strict lower half-space of H2 (see Figure 7b).
Let Ĥb = H(−F σ̄(b), 1− g) for b = 1, 2. Then the hyperplanes Ĥ1 and Ĥ2 represent level curves of a
betweenness order where higher values generate better conditional distributions.17

15Observe that Fσ(i,s)(3) = 1 for all s, and so we do not need to include a third row for the value 3.
16One can see from Figure 8 that σ is also an equilibrium that aggregates information when there is some uncertainty

about the mass of goods relative to the population. As a result, in contrast with the asymptotic result in Harstad et al.
(2008), a limited amount of uncertainty in the population size does not affect the chance of information aggregation in
our setting.

17In some cases, the last step requires a small perturbation of the hyperplanes Ĥ1 and Ĥ2 to ensure that the nesting
property is satisfied strictly. These perturbations are always feasible because, on at least one half-space of every hyperplane,
every containment is strict.
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Figure 8: Cumulative Bid Distribution in states x = 1, 2, 3.
For each state, Figure 8 illustrates the cumulative bid distribution generated (almost surely) by the
symmetric strategy-profile σ. The CDFs are step functions because of the finite support of σi. The price
is equal to the (1− g)-quantile of the cumulative bid distribution, i.e., the point in the domain where the
cumulative distribution crosses the (1− g) line. As a result, the price equals the value in every state.

3.4 Betweenness property and the MLRP

To illustrate how Theorem 1 relates to the previous literature, we show that the MLRP—which is
known to facilitate information aggregation—can also be characterized in terms of betweenness orders.
The relation between the MLRP and the betweenness property is analogous to the well-known relation
between FOSD and EU, which we briefly review in our setting.

Given a weak order D on signals with asymmetric part B, and a state x, let Fx : S → [0, 1] be
the conditional cumulative distribution function over signals, defined by Fx(s) ≡

∑
s′Es Px(s

′). Let
Lx : S × S → R be the conditional likelihood ratio function, defined by Lx(s, s′) ≡ Px(s)/Px(s′).

Definition 6. Distribution P satisfies FOSD if there is a weak orderD on signals such that v(x) > v(x′)

implies Fx(s) ≤ Fx′(s) for all s, and strictly for some s.

Definition 7. Distribution P satisfies the MLRP if there is a weak order D on signals such that
v(x) > v(x′) implies Lx(s, s′) ≥ Lx′(s, s′) for all s D s′, and strictly for some s B s′.

It is known that FOSD implies the MLRP (and not vice versa). Figure 9 illustrates these information
properties.

Both FOSD and the MLRP require an order on the set of signals that is strongly correlated with
values: better states are more likely to generate better signals. By contrast, the betweenness property
requires an order on distributions over signals that is correlated with values: better states generate
better conditional distributions. It is therefore not immediate how the betweenness order is related to
FOSD and the MLRP.

To establish a formal connection, fix a weak order D over signals, with asymmetric part B. For
a signal s ∈ S, let δs denote the distribution over signals with point-mass on s. A weak order on
distributions over signals � is monotone (with respect to D) if s B s′ implies δs � δs′ .

It is well-known that lottery ` first-order stochastic dominates lottery `′ if and only if every monotone
EU order ranks ` higher than `′. This connection implies that there is a characterization of the FOSD
property in Definition 6 in terms of monotone EU orders.
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Figure 9: Well-known order properties on signals.
Signals are ordered H B M B L. In Figure 9a, line F1(L) indicates distributions with the same
probability on signal L as P1 and line F1(M) indicates distributions with the same probability on the
sum of signals L and M . FOSD implies that P2 must be to the left of these lines. In Figure 9b, line
L1(M ,L) indicates distributions with the same likelihood ratio between signals M and L as distribution
P1 and line L1(H,M) indicates distributions with the same likelihood ratio between signals H and M .
The MLRP implies that P2 must be to the left of these lines; the MLRP is therefore more restrictive
than FOSD.

Proposition 3. Distribution P satisfies FOSD if and only if it satisfies a unanimity EU property: for
every monotone EU order �, v(x) > v(x′) implies Px � Px′, with � for some monotone EU order.

While FOSD requires that better states generate better conditional distributions in terms of every
monotone EU order, the EU property only requires that better states generate better conditionals for
some EU order (see Figure 10a). As a result, FOSD implies the EU property (and not vice versa). The
following theorem shows that there is an analogous relation between the MLRP and the betweenness
property.

Theorem 2. Distribution P satisfies the MLRP if and only if it satisfies a unanimity betweenness
property: for every monotone betweenness order �, v(x) > v(x′) implies Px � Px′, with � for some
monotone betweenness order.

Theorem 2 shows that the MLRP can be characterized in terms of betweenness orders. While the
MLRP requires that better states generate better conditional distributions in terms of every monotone
betweenness order, the betweenness property only requires that better states induce better conditionals
for some betweenness order (see Figure 10b).

The preceding discussion can be summarized as follows. The MLRP and FOSD can both be
characterized in terms of a unanimity condition on weak orders over distributions: for every monotone
order in a certain class, better states generate better conditional distributions. Proposition 3 shows
that the relevant class for FOSD are EU orders. As the MLRP implies FOSD, the relevant class for
the MLRP must be larger. Theorem 2 shows that the required generalization is exactly the class
of betweenness orders. One natural way to generalize FOSD or the MLRP is to dispense with the
unanimity requirements. For the case of FOSD, this leads to the EU property; for the MLRP, it leads
to the betweenness property.
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Figure 10: Illustration of Proposition 3 and Theorem 2.
In Figure 10a, a line passing through x represents a level curve of a monotone EU order if and only if
it is strictly between ul and uh. The shaded region therefore represents the intersection of the upper
contour sets of all monotone EU orders; comparing to 9a this shaded area is equivalent to the restriction
imposed by FOSD. Likewise, in Figure 10b, a line passing through x represents a level curves of a
monotone betweenness order if and only if it is strictly between ul and uh. The shaded region therefore
represents the intersection of the upper contour sets of all monotone betweenness orders; comparing to
9b this shaded area is equivalent to the restriction imposed by the MLRP.

4 Generic information aggregation

We use Theorem 1 to provide a sufficient condition for generic information aggregation. The condition
depends only on the cardinality of states (M) and signals (K). We assume that v is injective, x 6= x′

implies v(x) 6= v(x′), so that the set of values, v(X ), also has cardinality M .
An information structure PS|X = {Px : x ∈ X} can be represented by a real matrix of dimension

K ×M , where column m represents the distribution over signals conditional on state xm. We can
therefore measure sets of information structures in terms of the Lebesgue measure on RK−1 ×RM .
We allow only information structures where Px ∈ ∆(S) has full support for each state x. The set of
all such information structures is open, therefore measurable, and has Lebesgue measure one. The
subset of information structures that satisfies the betweenness property is also open, and therefore
measurable.

The following proposition characterizes when the subset of information structures satisfying the
betweenness property has full measure.

Proposition 4. The set of information structures that satisfy the betweenness property has measure 1
if and only if K ≥M .

To provide a partial intuition for Proposition 4 suppose K = M . It is well-known that the set
of real K ×M matrices that are invertible has full measure. For an invertible matrix, the system of
equations α× PS|X = β has a solution for every β ∈ RM . Now choose a β such that β(m) > β(m′)

whenever v(xm) > v(xm′). Then, the solution for this β defines an EU function α ∈ RK such that the
EU property is satisfied, which implies the betweenness property. A similar argument works when
K > M by completing rectangular matrices. On the other hand, when K < M we show that there is a
strictly positive mass of information structures where a state with a high value is in the convex hull of
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states with lower values, which is inconsistent with the betweenness property (see Figure 6a).
Together with Theorem 1, Proposition 4 establishes when information aggregation is a generic

equilibrium property in a large common-value auction.

Corollary 1. A strategy-profile that aggregates information exists generically if and only if there are
at least as many signals as states.

By contrast, the set of information structures that satisfy the MLRP has vanishing measure as the
number of states increases, regardless of the number of signals.

Proposition 5. For any ε ∈ (0, 1), there exists Mε such that when M > Mε, the set of information
structures that satisfies the MLRP has measure less than ε.

As a result, there are many environments where the MLRP fails, yet equilibrium prices can aggregate
information. In particular, information aggregation does not require any particular order on the set of
signals. As long as the cardinality of signals is larger than states, there is almost surely an equilibrium
strategy-profile that aggregates information (see Figure 11).

b

b

LH

M

1
2

(a) MLRP
LH

M

1
2

b

b

(b) Betweenness property

Figure 11: Genericity of the betweenness property.
Figure 11 fixes the position of P1 and P2, and then illustrate the region where P3 can be placed in order
for the information structure to satisfy the MLRP (Figure 11a) or the betweenness property (Figure
11b). With three states, the MLRP already imposes a strong restriction on the information structure. On
the other hand, the betweenness property is satisfied if and only if P3 is not on the line segment passing
through point 1, and connecting point 2 with the boundary of the simplex. A point chosen at random
therefore almost surely generates an information structure that satisfies the betweenness property.

5 Multidimensional environment

As an application of our results, we consider an environment where the value depends on multiple char-
acteristics of a state (e.g., a portfolio of assets), but signals are specialized to individual characteristics
(e.g., asset classes).

As before, we consider a finite set of states X , a finite set of signals S, and probability distribution
P on X × S with full support. However, we now introduce additional structure on the correlation
between states and values. The state space has a product structure X ≡

∏C
c=1Xc, where #Xc ≡Mc is

16



the number of distinct realizations of characteristic c. The following assumption describes how the
value of a unit of good is related to the different characteristics of a state.

Definition 8. The value function v : X → R++ is separable if there exists a strictly increasing
function ψ : R++ → R++, and a collection of C arbitrary functions φc : Xc → R++, such that
v(x) = ψ−1(φ1(x1) + ... + φC(xC)).

The separability condition in Definition 8 is quite general. For example, it includes cases where
v(x) =

∑C
c=1 φc(xc) or v(x) =

∏C
c=1 φc(xc) for any arbitrary functions φc.

While the value of the good depends on all characteristics of a state, each bidder receives information
about only one of the characteristics. In particular, for each characteristic c, there is a set of signals Sc
with #Sc ≡ Kc, and S ≡

⋃C
c=1 Sc, and K ≡ #S =

∑
cKc. As a result, for state x = (x1, ...,xC), the

conditional distribution over signals can be represented by a K × 1 vector

Px = (γ1Px1 , ..., γCPxC ) , (1)

where γc is the probability that a bidder receives a signal on characteristic c, and Pxc is a Kc× 1 vector
that represents the distribution on Sc conditional on xc.

In this environment, the MLRP is generally not satisfied because individual signals convey in-
formation that is pertinent for only one of the characteristics. To illustrate, suppose there are two
characteristics, X1 = {0, 1} and X2 = {0, 2}, and the value is given by the sum of characteristics:
v(x) = x1 + x2. There are two signals per characteristic, S1 = {L1,H1} and S2 = {L2,H2}, and the
signal in each dimension c is perfectly informative about the realization of xc. In particular, for each
characteristic c, Hc conveys better news than Lc. As a result, each dimension satisfies the MLRP.
However, a bidder receives a signal for only one of the characteristics, γ = (0.5, 0.5), and so the
information structure overall does not satisfy the MLRP (see Figure 12).
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Figure 12: Two characteristics, four states and four signals.
The labels next to the points in Figure 12 are the values associated to their respective state. The origin
represents the probability of observing signal L1 or L2, and Figure 12 only depicts the probabilities of
signals H1 and H2. Since there are four signals, it is no longer possible to illustrate the information
structure in two-dimensions. However, the figure is sufficient to show the MLRP is not satisfied because
the MLRP imposes a restriction on every two dimensional projection of the information structure. In
particular, the dashed line from the origin represents the likelihood ratio between signals H1 and H2 for
x = (1, 2). Since the likelihood ratio is infinite for x = (0, 2), and 0 for x = (1, 0), the likelihood ratio
is not monotone in values.

17



The example in Figure 12 highlights a general challenge that can arises in complex information
environments. When bidders receive information related to only some sources of uncertainty, there is
generally no order on the set of signals that is strongly correlated with values as required by the MLRP
or FOSD. However, the multi-characteristic environment is a special case of our general setting, and so
the betweenness property is still necessary and sufficient for information aggregation. The question is
how restrictive the betweenness property is in a multi-characteristic environment.

The genericity result from the previous section, Proposition 4, does not apply directly because
it quantifies the betweenness property in relation to the set of all information structures. Here, we
are only interested in information structures that satisfy equation (1) for some γ, and want to know
when the betweenness property is satisfied on this smaller set. The answer is not obvious because,
while the set of information structures we are considering is much smaller, signals are also restricted
to convey information about only one characteristic. In addition, with C characteristics, there are∏C
c=1Mc states (and possible values), but only

∑C
c=1Kc signals. As a result, the set of values will

generally be much larger than the set of signals.
However, we show that there is a direct counterpart of Proposition 4 in the multi-characteristic

setting. The information aggregation result is even more powerful because it only relies on the relative
cardinality of states and signals for each characteristic separately.

Proposition 6. If Kc ≥ Mc for all c = 1, ...,C, then a strategy-profile that aggregates information
exists generically.

Proposition 6 shows that information can be aggregated under general conditions, even in an
environment where individual bidders receive information about only some characteristics of a state.
While the information that individual signals can convey about values is limited, there is also additional
structure on the value function (via the separability condition). As a result, less information is needed
to reveal the value, and Proposition 6 shows that the second effect dominates (see Figure 13).
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Figure 13: Two characteristics, nine states and six signals.
There are two characteristics, X1 = {0, 1, 4} and X2 = {0, 1, 4}, and v(x) = x1 + x2 for all x ∈ X1×X2.
There are three signals per characteristic, S1 = {L1,M1,H1} and S2 = {L2,M2,H2}, and (unlike
in Figure 12) signals are no longer perfectly informative about their characteristic. Instead, we only
present in Figure 13 the probabilities of signals H1 and H2, which provides a partial illustration of the
information structure.

There are six signals in the example in Figure 13, and two dimensions are not sufficient to fully
describe the information structure. It is easily verified that the MLRP is not satisfied, but the
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betweenness property can not be verified from the figure. Even when PSc|Xc satisfies the MLRP for
c = 1, 2, the overall information structure PS|X may fail to satisfy the betweenness property. To
illustrate, suppose we merge the low and medium signals for each characteristic. In that case, Figure 13
provides a full description of the information structure, and the betweenness property is not satisfied
because state x = (1, 1) is in the convex hull of the states x = (4, 0) and x = (0, 4). However, with
three signals and three states per characteristic, Proposition 6 implies that, if the information structure
does not satisfy the betweenness property, a small perturbation leads to another information structure
that almost surely does.

6 Finite auctions

We conclude by showing how the preceding results can be interpreted in an auction with a finite
number of bidders.

Let {In}∞n=1 be a proper sequence of finite populations and let {Gn}∞n=1 be a sequence of quantities
of homogeneous goods. Pesendorfer and Swinkels (1997) show that, unless there are very strong
restrictions on signals, a necessary condition for the price to aggregate information asymptotically is
that the quantity of goods must increase as the population grows. We make the stronger assumption
that the proportion of goods remains constant: there is some g ∈ (0, 1) such that Gn

#In = g for all n.
For the auction with #In bidders and Gn goods, we use the same auction format as Pesendorfer and
Swinkels (1997). In particular, the auction price is given by the Gn + 1 highest bid, and the G highest
bids win a unit of the good (in case of ties, nature draws a random order over the bids equal to the
price).

Nature first draws a state x according the marginal PX . For a strategy-profile σ : I×S → ∆(B),
let σn : In ×S → ∆(B) denote the restriction of σ to the finite population: σn(i, .) ≡ σ(i, .) for all
i ∈ In. In this way, the strategy-profile σ from the large auction induces a sequence of strategy-profiles
{σn}∞n=1 for the finite auctions {In,Gn}∞n=1. For every state x, the corresponding sequence of random
prices is denoted {pσn(x)}

∞
n=1 . We are interested in the information that the sequence of prices conveys

as n becomes large, adapting the definition in Pesendorfer and Swinkels (1997).

Definition 9. The strategy profile σ aggregates information asymptotically if, in every state x, the
sequence of prices {pσn(x)}

∞
n=1 converges in probability to v(x) as n→∞.18

Our characterization for finite auctions is restricted to symmetric strategy-profiles. Symmetry
simplifies the analysis because the sequence of bidder strategies is i.i.d., allowing us to appeal to
stronger central limit arguments. The following proposition shows that, for symmetric strategies, the
betweenness property characterizes when information aggregation is possible as the population grows.

Proposition 7. There exists a symmetric strategy-profile that aggregates information asymptotically
if and only if the betweenness property is satisfied.

18Formally, this means that, for all ε > 0, there exists Nε such that n ≥ Nε implies
Pσ

n

x (pσn(x) ∈ [v(x)− ε, v(x) + ε]) ≥ 1 − ε, where Pσ
n

x is the (unique) distribution over bid-profiles bn : In → B
generated by the strategy-profile σn and conditional Px
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Proposition 7 provides a finite counterpart to Theorem 1, but there is a significant distinction
between the two results: in the large auction, a strategy-profile σ that aggregates information is an
equilibrium; in the finite case, a strategy-profile σn that aggregates information asymptotically may
not be an equilibrium for any finite n. However, for a symmetric strategy-profile that aggregates
information asymptotically, the likelihood than any bidder can impact the price becomes arbitrarily
small as n→∞. As a result, when the price converges to the value, the expected gain from a deviation
become arbitrarily small. While the strategy-profile σn may not be an equilibrium, it therefore
approximates equilibrium as the population grows and individual market power vanishes.

We can formalize the preceding discussion in terms of ε-equilibrium. For a strategy-profile
σn, let Πi(σn|s) denote the expected payoff of a type (i, s) ∈ In × S, and Πi

(
σBRi σn−i|s

)
denote

the expected payoff when type (i, s) plays a best-response to σn−i. Then σn is an ε-equilibrium if
Πi(σn|s) ≥ Πi(σBRi σn−i|s) − ε for all types. A 0-equilibrium is therefore a standard Bayes-Nash
equilibrium: ε-equilibrium is a generalization that allows for profitable deviations, but with an ε-upper
bound on the expected payoff gain.

The following proposition shows that a symmetric strategy-profile that aggregates information
asymptotically is an ε-equilibrium, where ε can be chosen arbitrarily small for sufficiently large n.

Proposition 8. If the symmetric strategy-profile σ aggregates information asymptotically, then there
exists a sequence {εn}∞n=1 such that limn→∞ εn = 0 and, for all n ≥ 1, σn is an εn-equilibrium in the
auction (In,Gn).
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A Appendix

The Appendix is organized as follows. Section A.1 introduces basic notation and preliminary results.
Section A.2 provides a characterization of the betweenness property in terms of nested hyperplanes.
Sections A.3–A.6 provide the proofs for the results in Sections 3–6, respectively. Section A.3 also has a
more formal description of the large auction. Some derivations, which are not germane to the central
argument, are given in a supplementary appendix.
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A.1 Preliminaries

For vector α ∈ RK , let α(i) denote the i-th component of α; 0 ≡ (0, ..., 0) is the origin; e ≡ (1, ..., 1) is
the vector of 1’s; and ei is the unit vector with ei(j) = 1[j=i], where 1 is the indicator function.

For vector α ∈ RK/{0} and scalar c ∈ R, H(α, c) ≡ {` : α · ` = c} is the hyperplane in RK

defined by norm α and constant c; H+(α, c) is the corresponding upper half-space; H̊+(α, c) is the
strict upper half-space; H−(α, c) is the lower half-space; and H̊−(α, c) is the strict lower half-space.
When c = 0, we omit c from the notation (e.g., H(α) ≡ H(α, 0)). For a set A ⊂ RK , co(A) denotes
the convex hull of A, and A∆ ≡ A∩ ∆K is the intersection of A with the unit-simplex in RK , denoted
∆K ≡ {z ∈ RK

+ : e · z = 1}.
We label states and signals so that X = {x1, ...,xM} and S = {s1, ..., sK}. To refer to the index of

a generic signal s ∈ S, let is ≡ k whenever s = sk. The set of distribution over signals ∆(S) can be
identified with ∆K ; in particular, δs (the distribution with point-mass on signal s) is identified with eis .

A.1.1 Intersection of hyperplanes and the unit-simplex

We first provide two general results regarding the intersection of hyperplanes in RK and the unit-simplex
∆K . These results are used extensively in later proofs.

Lemma 1. For vector α ∈ RK/{0}, and scalars c ∈ R and ĉ 6= 0, (i) H∆(ĉα, ĉc) = H∆(α, c) and (ii)
H∆(ĉe + α, ĉ+ c) = H∆(α, c).

Proof. The proof of part (i) is trivial. Part (ii) follows from

H∆(ĉe + α, ĉ+ c) = {` : (ĉe + α) · ` = ĉ+ c, ` · e = 1, ` ≥ 0}

= {` : ĉe · `+ α · ` = ĉ+ c, ` · e = 1, ` ≥ 0}

= {` : ĉ+ α · ` = ĉ+ c, ` · e = 1, z ≥ 0}

= {` : α · ` = c, ` · e = 1, ` ≥ 0} = H∆(α, c).

Lemma 2. Let α,α′ ∈ RK/{0} be such that H∆
+(α

′) 6= ∆K . There exists λ > 0 such that λα′ ≥ α if
and only if H∆

+(α) ⊂ H∆
+(α

′).

Proof. We first show that H∆
+(α) ⊂ H∆

+(α
′) guarantees existence of λ > 0 such that λα′ ≥ α. We argue

the contrapositive: suppose there is no λ > 0 such that λα′ ≥ α. Then we want to show that there
is some ` ∈ ∆K with ` · α ≥ 0 > ` · α′. By assumption, α′ /∈ Z ≡ {z̃ ∈ RK : λz̃ ≥ α, for some λ > 0}.
Since Z is closed and convex, by the Separating Hyperplane Theorem, there exists some z ∈ RK/{0}
such that z · α′ < 0 ≤ z · z̃ for all z̃ ∈ Z. Furthermore, it must be that z ≥ 0. If not, then z · ei < 0 for
some i, and we can argue to the following contradiction: if z̃ ∈ Z, then z′ = z̃ + tei ∈ Z for t > 0; but
z · (z̃ + tei) can be made arbitrarily small by increasing t, thereby contradicting that z · z′ ≥ 0. Since
z > 0, we can normalize z so that z · e = 1, i.e., z ∈ ∆K . As α ∈ Z, z · α ≥ 0 (because z̃ · α ≥ 0 for all
z̃ ∈ Z), and so z ∈ H+(α). However, z · α′ < 0, and so z /∈ H+(α′). Hence, H∆

+(α) is not a subset of
H∆

+(α
′).
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For the converse, suppose λα′ ≥ α for some λ > 0. It suffices to show that λα′ · z ≥ 0 whenever
z ∈ H∆

+(α) (since this implies that α′ · z ≥ 0). To see this, note

λα′ · z = α · z + (λα′ − α) · z.

The first term is non-negative because z ∈ H+(α). The second term is non-negative because
(λα′ − α) ≥ 0 by assumption, and z ≥ 0. As a result, z ∈ H∆

+(α) implies z ∈ H+(α′).

A.1.2 Monotone betweenness orders

A level curve of a betweenness order � on ∆K is an equivalence class of ∼. By the betweenness axiom
(Condition (iii) in Definition 1), a level curve can be represented by a hyperplane: it is the intersection
of a hyperplane in RK with the unit-simplex ∆K . On the unit-simplex, the hyperplanes must satisfy a
strict nesting property. Moreover, when the betweenness order is monotone with respect to an order D
on signals, the nesting property must be consistent with D.

The following definition formalizes the (strict) nesting property.

Definition 10. A collection of hyperplanes {H(αr) : r = 1, ...,R} is nested if, for all r = 2, ...,R,
either (i) H∆

+(αr) ⊂ H∆
+(αr−1) , or (ii) H∆

+(αr) ⊃ H∆
+(αr−1). The collection of hyperplanes is strictly

nested if, for all r = 2, ...,R, either (i) H∆
+(αr) ⊂ H̊∆

+(αr−1), or (ii) H̊∆
+(αr) ⊃ H∆

+(αr−1).

The following definitions relates the nesting property to an order D on the set of signals.

Definition 11. Let D be a weak order on the set of signals S.
(i). A hyperplane H(α) is D-compliant if s D s′ and δs ∈ H̊∆

−(α) implies that δs′ ∈ H∆
−(α).

(ii). A collection of hyperplanes {H(αr) : r = 1, ...,R} is D-consistent if it is strictly nested and
H(αr) is D-compliant for all r = 1, ...,R.

(iii). A collection of hyperplanes {H(αr) : r = 1, ....,R} is D-complete if it is D-consistent and, for
all s B s′, δs ∈ H∆

+(αr) and δs′ ∈ H̊∆
−(αr) for some r = 1, ...,R.

The following lemma shows that a collection of hyperplanes {H(αr) : r = 1, ...,R} represents level
curves of a monotone betweenness order if and only if the collection is D-consistent.

Lemma 3. Let {H(αr) : r = 1, ...,R} be a collection of hyperplanes and D a weak order on S. There
is a monotone betweenness order � such that H∆(αr) is a level curves of � for every r = 1, ...,R if
and only if {H(αr) : r = 1, ...,R} is D-consistent.

Proof. The proof of Lemma 3 involves simple geometric arguments, but involves a number of steps.
We provide details in a supplementary appendix.

A.2 Nesting and the betweenness property

In this Section, we provide a characterization of the betweenness property in terms of strictly nested
hyperplanes. We also show that one could, alternatively, characterize the betweenness property in
terms of weakly nested hyperplanes.
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Let X1, ....,XR+1 be a partition of X such that, for x ∈ Xr and x′ ∈ Xr′ , we have v(x) > v(x′) if
and only if r > r′. For each r = 1, ...,R+ 1, let P[r] ≡ {Px : x ∈ Xr}.

Definition 12. Distribution P satisfies the nested hyperplane separation property (NHSP) if there is
a nested collection of hyperplanes {H(αr) : r = 1, ...,R} such that v(x) > v(x′) implies Px ∈ H̊−(αr)
and Px′ ∈ H+(αr) for some r = 1, ...,R.

Definition 13. Distribution P satisfies the strict NHSP if there is a strictly nested collection of
hyperplanes {H(αr) : r = 1, ...,R} such that v(x) > v(x′) implies Px ∈ H̊−(αr) and Px′ ∈ H̊+(αr) for
some r = 1, ...,R.

Clearly, the strict NHSP implies the NHSP. The following lemma establishes the converse.

Lemma 4. If distribution P satisfies the NHSP, then P satisfies the strict NHSP.

Proof. Suppose P satisfies the NHSP and let {H(αr) : r = 1, ...,R} be the corresponding collection of
nested hyperplanes. By the NHSP, co

(
P[R+1]

)
∩H∆

+(αR) = ∅. Therefore, by the Separating Hyperplane
Theorem, there exists α̂R ∈ RK/{0} such that P[R+1] ⊂ H̊∆

−(α̂R), and H∆
+(αR) ⊂ H̊∆

+(α̂R).
By the NHSP, co

(
P[R] ∪H∆

−(α̂R)
)
∩ H∆

+(αR−1) = ∅. Therefore, by the Separating Hyper-

plane Theorem, there exists α̂R−1 ∈ RK/{0} such that co
(
P[R] ∪H∆

−(α̂R)
)
⊂ H̊∆

−(α̂R−1), and
H∆

+(αR−1) ⊂ H̊∆
+(α̂R−1). Continuing this procedure generates a strictly nested collection of hy-

perplanes {H(α̂r) : r = 1, ...,R} such that the strict NHSP is satisfied.

The following lemma shows that the betweenness property is equivalent to the NHSP.

Lemma 5. Distribution P satisfies the betweenness property if and only if it satisfies the NHSP
(equivalently, the strict NHSP).

Proof. [Betweenness property =⇒ strict NHSP]. By the betweenness property, there exists a be-
tweenness order � such that v(x) > v(x′) implies Px � Px′ . That means there exists a level curve
of �, described by H∆(α̂1, c1) for some α̂1 ∈ RK/{0} and c1 ∈ R, such that P[1] ⊂ H̊∆

+(α̂1, c1) and⋃R+1
r=2 P[r] ⊂ H̊∆

−(α̂1, c1). Since the separation is strict, c1 can be chosen so that α1 ≡ α̂1 − c1e 6= 0.
By Lemma 1, H∆(α1) = H∆(α̂1, c1), and so P[1] ⊂ H̊∆

+(α1) and
⋃R+1
r=2 P[r] ⊂ H̊∆

−(α1). Likewise, there
exists a level curve of �, H∆(α̂2, c2), such that P[1] ∪ P[2] ⊂ H̊∆

+(α̂2, c2) and
⋃R+1
r=3 P[r] ⊂ H̊∆

−(α̂2, c2).
Again, since the separation is strict, c2 can be chosen so that α2 ≡ α̂2 − c2e 6= 0. By Lemma 1,
H∆(α2) = H∆(α̂2, c2), and so P[1] ∪P[2] ⊂ H̊∆

+(α2) and
⋃R+1
r=3 P[r] ⊂ H̊∆

−(α2). Repeating for r = 3, ...,R
yields a collection of hyperplanes {H(αr) : r = 1, ...,R} as required by the strict NHSP; the hyperplanes
are strictly nested because they represent distinct level curves of �.

[Strict NHSP =⇒ betweenness property]. Let {H(αr) : r = 1, ...,R} be the collection of strictly
nested hyperplanes from the strict NHSP. Then {H(−αr) : r = 1, ...,R} is also a strictly nested
collection of hyperplanes. Moreover, v(x) > v(x′) implies Px ∈ H̊+(−αr) and Px′ ∈ H̊−(−αr) for
some r = 1, ...,R. Now define a binary relation D on the set of signals as follows: s D s′ if and only if
δs′ ∈ H+(−αr)⇒ δs ∈ H+(−αr). It is easily verified that D is a weak order, and that the collection
of hyperplanes {H(−αr) : r = 1, ...,R} is D-consistent. The desired betweenness order � then follows
from Lemma 3.
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A.3 Information aggregation

In this Section, we provide a formal description of the large auction, and prove the results in Section 3.

A.3.1 Monotone functions

Let F be the set of all monotone non-decreasing functions F : B→ [0, 1] such that F (b̄) = 1. For a
function F ∈ F , define the functions −→F ,←−F : B→ [0, 1] by

−→
F (b) ≡ lim

b′↑b
F (b′) and ←−

F (b) ≡ lim
b′↓b

F (b′),

where limb′↑b F (b
′) denotes the limit of F (b′) for some strictly increasing sequence b′ → b; limb′↓b F (b

′)

denotes the limit of F (b′) for some strictly decreasing sequence b′ → b; −→F (0) ≡ 0; and ←−F (b̄) ≡ 1.
Hence, the functions −→F and ←−F give, respectively, the left- and right-limit of function F at any point
b ∈ B. Since F is monotone non-decreasing, −→F and ←−F are well-defined (the limits exist and do not
depend on the particular sequence used in the definition). Clearly, −→F ≤ F ≤ ←−F , and it is well-known
that −→F (b) <

←−
F (b) for a countable number of points b ∈ B. By construction, the function ←−F is a CDF,

and the function F is a CDF if and only if F =
←−
F .

A.3.2 The large auction

In the following, let (I,λ, I) be a proper large population, and let g ∈ (0, 1) be a mass of homogeneous
goods.

For bid-profile a : I → B, define the function Fa : B → [0, 1] by Fa(b) ≡
∫
1[a(i)≤b]dλ (i.e., the

mass of bids less than equal to b).19 Since Fa is monotone non-decreasing and limb→∞ Fa(b) = 1, it
follows that Fa ∈ F .

For any bid-profile a, the price p(a) is given by the (1− g)-quantile of the cumulative bid distribution,
defined by

p(a) ≡ Qa(1− g) ≡ inf
{
b ∈ B :

←−
F a(b) ≥ 1− g

}
.

Because ←−F a is right-continuous, p(a) is well-defined for all a ∈ A.
An allocation-rule is a mapping w : I×A → [0, 1], where w(i, a) is the probability that bidder

i receives a unit of the good in the bid-profile a. We consider two cases. In the “standard” case,
F (p(a)) ≥ 1− g, and so it is possible to allocate one unit of the good for every bid strictly above the
price. The quantity of goods remaining is then g− (1− F (p(a))), which is strictly greater than 0 if
and only if F (p(a))−−→F (p(a)) > 0 (i.e., there is a strictly positive mass of bids equal to the price).
Every bidder who submits a bid equal to the price then has an equal chance of winning a unit of the

19For a bounded function f : R → R, the integral with respect to a finitely-additive measure λ is defined as for
countably additive measures, by constructing integrals for simple functions and then taking a limit of a sequence of simple
functions, fn converging to f (see, e.g., Al-Najjar 2008, Section 2.3.1).
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remaining goods. Hence,

w(i, a) =


1 if a(i) > p(a)

g−(1−F (p(a)))

F (p(a))−
−→
F (p(a))

if a(i) = p(a) and g > 1− F (p(a))

0 otherwise.

As long as F (p(a)) ≥ 1 − g, it is straightforward to verify that w(i, a) is well-defined and∫
Iw(i, a)dλ = g.20 That means that the market clears almost surely. We call this the standard
case because for, any bid-profile a, there is only a countable set of points where Fa(b) <

←−
F a(b).

Moreover, when bidders follow any symmetric strategy-profile, Fa =
←−
F a almost surely.21 As a result,

the standard case will generally determine the allocation. However, for a complete description of the
game, we need to specify the allocation-rule also for a “non-standard” case where F (p(a)) < 1− g.
In principle, the non-standard case can arise because λ is only finitely-additive, and so Fa is not
guaranteed to be everywhere right-continuous (one can construct examples where right-continuity fails
on isolated points of the domain). When F (p(a)) < 1− g, there are not enough goods to allocate one
unit to each bid strictly above the price. To define the allocation in this case, we fix some ρ > 0, to be
interpreted as a very small number (e.g., a fraction of a cent). For a bid-profile a with F (p(a)) < 1− g,
every bid strictly above p(a) + ρ wins a unit of the good. The measure of goods remaining is then
g − (1− F (p(a) + ρ)) > 0, and every bidder who submits a bid in the range (p(a), p(a) + ρ] has an
equal chance of winning a unit of the remaining goods.22 Hence,

w(i, a) =


1 if a(i) > p(a) + ρ

g−(1−F (p(a)+ρ))
F (p(a)+ρ)−F (p(a)) if a(i) ∈ (p(a), p(a) + ρ]

0 otherwise.

As long as F (p(a)) < 1−g, it is straightforward to verify that w(i, a) is well-defined and
∫

Iw(i, a)dλ = g

20When 1− Fa(p(a)) = g, ∫
w(i, a)dλ =

∫
1[a(i)>p(a)]dλ = 1− Fa(p(a)) = g.

When 1− Fa(p(a)) > g,∫
w(i, a)dλ =

∫
1[a(i)>p(a)]dλ+

g− (1− Fa(p(a))
Fa(p(a))−

−→
F a(p(a))

∫
1[a(i)=p(a)]dλ

=1− Fa(p(a)) +
g− (1− Fa(p(a))

Fa(p(a))−
−→
F a(p(a))

Fa(p(a))−
−→
F a(p(a))

=1− Fa(p(a)) + g− (1− Fa(p(a))) = g.

21This is true also for any strategy with at most a finite number of asymmetries. Strategy-profile σ has a finite number
of asymmetries if there is a finite partition (I1, ..., IR) of I such that i, j ∈ Ir for some r = 1, ...,R implies σ(i, .) = σ(j, .).

22The non-standard case can be generalized to cover all bid-profiles. However, the non-standard allocation-rule has the
unattractive feature that, for two bids in the small interval (p, p+ ρ), it is possible that the higher bid looses the auction
and the lower bid wins the auction. We therefore prefer to present results when the allocation-rule distinguishes between
the standard and non-standard case.
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(i.e., the market clears almost surely).23

For strategy-profile σ : I × S → ∆(B), let F σ(i,s) denote the CDF over bids by type (i, s),
defined by F σ(i,s)(b) ≡

∫
R+

1[b̃≤b]dσ(i, s). Note that F σ(i,s)(b) −−→F σ(i,s)(b) is the probability that

type (i, s) submits a bid equal to b, and is equal to 0 if and only if F σ(i,s) is continuous at b. Let
F σi ≡

(
F σ(i,s1), ....,F σ(i,sK )

)
be the vector-valued function that describes bidder i’s CDF over bids for

each signal, and let −→F σi ≡
(
~F σ(i,s1), ...., ~F σ(i,sK )

)
. In state x, bidder i’s CDF over bids depends on

F σi and the distribution over signals Px, and is defined by F σix (b) ≡ F σi(b) · Px. Analogously,
−→
F σi
x is

defined by −→F σi
x (b) ≡ ~F σi(b) · Px.

The mean distribution over bids for signal s is described by F σs (b) ≡
∫
F σ(i,s)dλ. Because λ is

only finitely-additive, F σs may not be right-continuous. Let F σ ≡
(
F σs1 , ...,F σsK

)
be the vector function

that describes the mean distribution over bids for each signal. Analogously, −→F σ ≡
(−→
F σ
s1 , ...,−→F σ

sK

)
and ←−F σ ≡

(←−
F σ
s1 , ...,←−F σ

sK

)
. The mean distribution over bids in state x is described by the function

F σx : B → [0, 1], defined by F σx (b) ≡
∫
F σix (b)dλ. By Bayes rule, F σx (b) = F σ(b) · Px for every b ∈ B

because

F σx (b) ≡
∫
F σix (b) · Px dλ ≡

∫ [ K∑
k=1

F σ(i,sk)(b)Px(sk)

]
dλ

=
K∑
k=1

[
Px(sk)

∫
F σ(i,sk)(b)dλ

]
≡

K∑
k=1

[
Px(sk)F

σ
sk
(b)
]
≡ F σ(b) · Px.

Likewise, ←−F σ
x(b) =

←−
F σ(b) · Px and −→F σ

x(b) =
−→
F σ(b) · Px for every b ∈ B. The (1− g)-quantile of the

mean distribution over bids is defined by Qσx(1− g) ≡ inf
{
b ∈ B :

←−
F σ
x(b) ≥ 1− g

}
.

A.3.3 Strong Law of Large Numbers

The SLLN connects the empirical bid distribution, described by Fa, with the mean bid distribution,
described by F σx .

Lemma 6. Fix a strategy profile σ, state x, and a countable set of bids {bj}∞j=1. Then there exists
a subset of bid-profiles A ∈ A such that P σx (A) = 1 and, for all a ∈ A and j ≥ 1, Fa(bj) = F σx (bj),−→
F a(bj) =

−→
F σ
x(bj), and

←−
F a(bj) =

←−
F σ
x(bj).

Proof. The proof of Lemma 6 follows closely the proof of Theorem 1 in Al-Najjar (2008). As the
formal proof requires additional concepts that are not used elsewhere, we provide formal details in a
supplementary appendix.

23In particular,∫
w(i, a)dλ =

∫
1[a(i)>p(a)+ρ]dλ+

g− (1− Fa(p(a) + ρ)

Fa(p(a) + ρ)− Fa(p(a))

∫
1[a(i)∈(p(a),p(a)+ρ]dλ

=1− Fa(p(a) + ρ) +
g− (1− Fa(p(a) + ρ)

Fa(p(a) + ρ)− Fa(p(a))
Fa(p(a) + ρ)− Fa(p(a))

=1− Fa(p(a)) + g− (1− Fa(p(a))) = g.
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A.3.4 Proof of Proposition 1

Proof. Fix a strategy-profile σ and state x ∈ X . To establish the Proposition, we show that there
exists A ∈ A such that P σx (A) = 1, and Qa(1− g) = Qσx(1− g) for all a ∈ A.

First, fix some ε > 0. Let A+
ε = {a ∈ A : Qa(1− g) > Qσx(1− g) + ε}, and let b+ε = Qσx(1− g)+ ε

2 .
For every a ∈ A+

ε , Qa(1− g) > b+ε , and therefore←−F a(b+ε ) < 1− g. On the other hand, Qσx(1− g) < b+ε ,
and therefore ←−F σ

x(b
+
ε ) ≥ 1− g. Hence, ←−F a(b+ε ) 6=

←−
F σ
x(b

+
ε ). By Lemma 6 there exists a set Ã+

ε such
that P σx

(
Ã+
ε

)
= 1 and ←−F a(b+ε ) =

←−
F σ
x(b

+
ε ). Hence, Ã+

ε ∩A+
ε = ∅, and so Qa(1− g) ≤ Qσx(1− g) + ε

for all a ∈ Ã+
ε .

Now let A−ε = {a ∈ A : Qa(1− g) < Qσx(1− g)− ε}, and let b−ε = Qσx(1 − g) − ε
2 . For every

a ∈ A−ε , Qa(1 − g) < b−ε , and therefore ←−F a(b−ε ) ≥ 1 − g. On the other hand, Qσx(1 − g) > b−ε ,
and therefore ←−F σ

x(b
−
ε ) < 1− g. Again, by Lemma 6, there exists a set Ã−ε such that P σx

(
Ã−ε
)
= 1,

Ã−ε ∩A−ε = ∅, and so Qa(1− g) ≥ Qσx(1− g) + ε for all a ∈ Ã−ε .
Let Ãε = Ã+

ε ∩ Ã−ε . Then P σx
(
Ãε
)
= 1, and Qa(1 − g) ∈ [Qσx(1− g)− ε,Qσx(1− g) + ε] for

all a ∈ Ãε. Fix a sequence {εj}∞j=1 such that εj ↓ 0. By the preceding argument, there exists
a sequence

{
Ãεj

}∞
j=1

of measurable subsets of A such that, for every j ≥ 1, P σx
(
Ãεj

)
= 1, and

Qa(1− g) ∈ [Qσx(1− g)− εj ,Qσx(1− g) + εj ] for all a ∈ Ãεj . Let A =
⋂∞
j=1 Ãej . Then, A is the

intersection of a countable collection of measure 1 sets, and so P σx (A) = 1. Moreover, because

∞⋂
j=1

[Qσx(1− g)− εj ,Qσx(1− g) + εj ] = {Qσx(1− g)} ,

it follows that Qa(1− g) = Qσx(1− g) for all a ∈ A.

As a corollary of Lemma 6 and Proposition 1, we can also characterize expected payoffs. For a
state x, signal s, and price p, define the function w(i,σ|x, s, p) as follows:

w(i,σ|x, s, p) ≡


1− F σ(i,s)(p) if F σx (p) = 1− g

1− F σ(i,s)(p) + Fσ(i,s)(p)−
−→
F σ(i,s)(p)

Fσx (p)−
−→
F σx(p)

(g− (1− F σx (p))) if F σx (p) > 1− g

1− F σ(i,s)(p+ ρ) + Fσ(i,s)(p+ρ)−Fσ(i,s)(p)
Fσx (p+ρ)−Fσx (p)

(g− (1− F σx (p+ ρ))) if F σx (p) < 1− g

.

Corollary 2. For strategy-profile σ, the expected payoff of type (i, s) is

Πi(σ|s) =
∑
x∈X

w (i,σ|x, s, pσ(x)) (v(x)− pσ(x)) .

Proof. By Lemmas 6 and Proposition 1, for every state x, there existsAx ∈ A such that P σx (Ax) = 1 and,
for all a ∈ Ax, p(a) = pσ(x), Fa(p(a)) = F σx (p

σ(x)), −→F a(p(a)) =
−→
F σ
x(p

σ(x)),←−F a(p(a)) =
←−
F σ
x(p

σ(x)),
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and Fa(p(a) + ρ) = F σx (p
σ(x) + ρ). As a result,

Πi(σ|s) ≡
∑
x

Πi(σ|x)Ps(x) ≡=
∑
x

(∫
A
wi(a)(v(x)− p(a))dP σx

)
Ps(x)

=
∑
x

(∫
Ax
wi(a)(v(x)− p(a))dP σx

)
Ps(x)

=
∑
x

(w(i,σ|x, s, pσ(x))(v(x)− pσ(x)))Ps(x);

where the first and second equalities are by definition; the third equality follows because P σx (Ax) = 1
for every x; and the last equality follows because, for every state x and every a ∈ Ax, we can replace
empirical moments with their theoretical counterparts.

A.3.5 Proof of Proposition 2

Proof. First, let σ be a strategy-profile that aggregates information. Fix some bidder i ∈ I, and let
σ̃ be a strategy-profile with σ̃(j, .) = σ(j, .) for all j ∈ I/{i}. Then σ̃ also aggregates information
because λ(i) = 0. Moreover, Πi(σ|s) = Πi(σ̃|s) = 0 for all s. As a result, all types are playing a
best-response, and so σ is an informative equilibrium.

For the converse, let σ be an informative equilibrium. We want to show that pσ = v. For a
contradiction, suppose pσ 6= v and define a partition of X as follows:

X 0 = {x ∈ X : pσ(x) = v(x)},

X ∗ = arg max
x∈X
{pσ(x) : pσ(x) 6= v(x)}, and

X 1 = X/(X 0 ∪X ∗).

In words, X 0 is the set of states where the price equals the value; X ∗ is the set of states with the
highest price where the price is not the value; and X 1 is the remainder of states where the price is not
equal to the value.

As individual bidders have mass 0, a deviation from the strategy-profile σ by a single bidder
can affect their chance of winning a unit of the good but does not affect the price. We exploit this
observation to construct deviations that affect bidders probability of winning in different cases.

Choose x ∈ X ∗, v∗ = v(x), p∗ = pσ(x), and choose some ε > 0 such that pσ(x) < p∗ − ε for all
x ∈ X 1. We distinguish two cases: (i) v∗ < p∗, and (ii) v∗ > p∗.

[Case (i): v∗ < p∗]. Consider any signal s ∈ S, and suppose that F σ(i,s)(p∗ + ρ) < 1 for some
bidder i ∈ I. Then type (i, s) is not playing a best-response: bidder i is, ex-ante, bidding above p∗ + ρ

with positive probability and in state x ∈ X ∗ she wins the auction and loses p∗ − v∗ > 0 with strictly
positive probability. Bidder i can strictly increase her expected payoff by never bidding above p∗. We
formally construct a profitable deviation by defining σ̃(i, s) as follows.

F σ̃(i,s)(b) ≡

F
σ(i,s)(b) if b < p∗ − ε

1 if b ≥ p∗ − ε
.

29



Under this deviation, the probability of winning the auction in any state x ∈ X ∗ (when the good
is overpriced) is zero. Because F σ̃(i,s)(b) ≡ F σ(i,s)(b) for b < p∗ − ε, the probability of winning the
auction in any state x ∈ X 1 is unaffected. The probability of winning the auction in any state x ∈ X 0

may change but since the price equals the value there is no payoff change on these states. It follows that
the expected payoff is strictly higher for σ̃(i, s) than for σ(i, s), and so σ(i, s) is not a best-response.
Then, for almost all i, F σ(i,s)(p∗ + ρ) = 1.

Consider any signal s ∈ S, and suppose that F σ(i,s)(p∗) < 1 for some bidder i ∈ I. Then type (i, s)
is not playing a best-response: bidder i is, ex-ante, bidding above p∗ with positive probability, and in
state x ∈ X ∗ she wins the auction and lose p∗ − v∗ > 0 with positive probability in either the standard
or the non-standard allocation rule. Bidder i can strictly increase her expected payoff by never bidding
above p∗. Again, σ̃(i, s) is a profitable deviation. As a consequence, for almost all i, F σ(i,s)(p∗) = 1.

In order for p∗ to be the price in state x ∈ X ∗ there must exists a signal s ∈ S, and a positive mass,
A, bidding p∗ with positive probability: −→F σ(i,s)(p∗) < F σ(i,s)(p∗), for all i ∈ A. A bid of p∗ will award
the bidder the object with positive probability. Then, for all i ∈ A, σ̃(i, s) is a profitable deviation as
well. Then, it is not possible for p∗ to be strictly larger than v∗.

[Case (ii): v∗ > p∗]. Consider any signal s ∈ S, and suppose −→F σ(i,s)(p∗) > F σ(i,s)(p∗− ε) for some
bidder i ∈ I. Then type (i, s) is not playing a best-response: bidder i can strictly increase her expected
payoff by shifting mass from bidding (p∗ − ε, p∗] to bidding above p∗ + ρ. We formally construct a
profitable deviation by defining σ̃(i, s) as follows.

F σ̃(i,s)(b) ≡


F σ(i,s)(b) if b < p∗ − ε

F σ(i,s)(p∗ − ε) if b ∈ [p∗ − ε, p∗ + ρ]

1 if b > p∗ + ρ

.

Under this deviation, the probability of winning the auction in any state x ∈ X ∗ (when the good is
underpriced) strictly increases for i. Because F σ̃(i,s)(b) ≡ F σ(i,s)(b) for b < p∗ − ε, the probability of
winning the auction in any state x ∈ X 1 is unaffected. The probability of winning the auction in any
state x ∈ X 0 may change but since the price equals the value there is no payoff change on these states.
It follows that the expected payoff is strictly higher for σ̃(i, s) than for σ(i, s), and so σ(i, s) is not a
best-response. Then, for almost all i, −→F σ(i,s)(p∗) = F σ(i,s)(p∗ − ε).

Consider any signal s ∈ S, and suppose that −→F σ(i,s)(p∗ + ρ) > F σ(i,s)(p∗) for some bidder i ∈ I.
Then type (i, s) is not playing a best-response: bidder i can strictly increase her expected payoff by
shifting mass from bidding (p∗, p∗ + ρ] to bidding above p∗ + ρ. Again, σ̃(i, s) is a profitable deviation.
As a consequence, for almost all i, no bidder can be bidding on the range [p∗ − ε, p∗ + ρ]. As a result,
σ is not an equilibrium strategy when p∗ < v∗.

A.3.6 Proof of Theorem 1

Proof. We use the characterization of the betweenness property in terms of the (strict) NHSP (Lemma
5). As in the definition of the NHSP, let X1, ....,XR+1 be a partition of X such that, for x ∈ Xr and
x′ ∈ Xr′ , we have v(x) > v(x′) if and only if r > r′. Then, for each r = 1, ...,R+ 1, there exists a
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value vr such that vr = v(x) for all x ∈ Xr. Let v0 ≡ 0 and note that v0 < v1 < .... < vR+1.
We first show that when P satisfies the strict NHSP, we can construct a symmetric strategy-profile

that aggregates information. By the strict NHSP, there exist non-zero vectors α̂1, ..., α̂R ∈ RK such that
that (i) the collection of hyperplanes {H(α̂r) : 1, ...,R} is nested, and (ii) for r = 1, ...,R, v(x) ≤ vr
implies Px ∈ H̊+(αr) and v(x′) > vr implies Px′ ∈ H̊−(αr). Because the hyperplanes are nested,
Lemma 2 implies that, without loss of generality, we can assume that α̂r < α̂r+1 for r = 1, ...,R− 1.
Moreover, since g ∈ (0, 1), we can choose ε > 0 such that 0 < εα̂r + (1− g) < e for all r = 1, ...,R.
Now define a new collection of vectors α0, ...,αR+1 ∈ RK as follows: α0 ≡ 0, αR+1 ≡ e, and, for
r = 1, ...,R, αr ≡ εα̂r + (1− g). By Lemma 1, H∆(αr, 1− g) = H∆(α̂r) for all r = 1, ...,R.

We use the vectors α0, ...,αR+1 to construct a symmetric strategy-profile. Because the strategy-
profile is symmetric, it is sufficient to describe the strategy σi ≡ σ(i, .) of one bidder i ∈ I. The strategy
has a simple form: for each signal s, σi(s) has support {v1, ..., vR}. We use the notation σi(vr|sk)
to denote the probability that bidder i submits bid vr when she receives signal sk. In particular,
for each r = 1, ...,R+ 1 and k = 1, ...,K, let σi(vr|sk) ≡ αr(k)− αr−1(k). Fixing a k = 1, ...,K,
αr > αr−1 implies that σi(vr|sk) > 0 for all r, and

∑R
r=1 σ(vr|sk) = αR+1(k) by construction. As a

result, σi(.|sk) ∈ ∆(B). We denote the corresponding strategy-profile by σ. Note that, for all r and k,
F σ(i,sk)(vr) = αr(k) for every i, and so F σsk(vr) = αr(k). This implies that F σ(vr) = αr. Since σ is a
symmetric strategy-profile, F σ is a CDF and so F σ =

←−
F σ.

It remains to show that σ aggregates information. First consider x ∈ X1. Then v(x) = v1 and so
Px ∈ H̊+(α1, 1− g). This means that

1− g < α1 · Px = F σ(v1) · Px = F σx (v1).

Since F σx (b) = 0 for all b < v1, it follows thatQσx(1−g) = v1. Hence, by Proposition 1, pσ(x) = v1 = v(x).
Next consider x ∈ XR+1. Then v(x) = vR+1 and so Px ∈ H̊−(αR, 1− g). This means that

1− g > αR · Px = F σ(vR) · Px = F σx (vR).

Since F σx (b) = F σx (vR) for all b ∈ [vR, vR+1) and F σx (vR+1) = 1, it follows that Qσx(1− g) = vR+1.
Hence, by Proposition 1, pσ(x) = vR+1 = v(x).

Finally, consider x ∈ Xr for some r = 2, ...,R. Then v(x) = vr and so

Px ∈ H̊+(αr, 1− g) ∩ H̊−(αr−1, 1− g).

This means that

F σx (vr) = F σ(vr) · Px = αr · Px > 1− g > αr−1 · Px = F σ(vr−1) · Px = F σx (vr−1).

Since F σx (b) = F σx (vr−1) for all b ∈ [vr−1, vr), it follows that Qσx(1− g) = vr. Hence, by Proposition 1,
pσ(x) = vR+1 = v(x).

For the converse, suppose the strategy-profile σ aggregates information. For r = 1, ...,R, define
αr ≡

←−
F σ(vr)− (1− g). To show that the NHSP is satisfied, we show that the collection of hyperplanes
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{H(αr) : r = 1, ...,X} is nested, and v(x) = vr < v(x′) implies Px ∈ H+(αr) and Px′ ∈ H̊−(αr).
By Proposition 1, pσ = v implies that, for every state x, 1 − g ≤ ←−F σ(b) · Px for b ≥ v(x)

and 1 − g >
←−
F σ(b) · Px for b < v(x). Since ←−F σ

s is monotone non-decreasing, vr > vr′ implies
←−
F σ
s (vr) ≥

←−
F σ
s (vr′) for all s. Since, for x ∈ Xr,

←−
F σ(vr) · Px >

←−
F σ(vr′) · Px, it follows that

←−
F σ(vr) >

←−
F σ(vr′). Hence, α1 < .... < αR, and so by Lemma 2, the collection of hyperplanes

{H(αr) : r = 1, ...,X} is nested. Now suppose v(x) = vr < v(x′) for some r = 1, ...,R. Since
←−
F σ
x(vr) ≥ 1 − g, it follows that αr · Px ≥ 0, and so Px ∈ H+(αr). On the other hand, since
←−
F σ
x′(vr) < 1− g, it follows that αr · Px′ < 0, and so Px′ ∈ H̊−(αr). This establishes the desired

separation property. Therefore, P satisfies the NHSP and so, by Lemmas 4 and 5, P satisfies the
betweenness property.

A.3.7 Proof of Proposition 3

Proof. The proof follows from the well-known fact that lottery ` first-order stochastic dominates lottery
`′ if and only if every monotone EU order ranks ` above `′. For completeness, a formal proof is given
in the supplementary appendix.

A.3.8 Single-crossing and the MLRP

Before presenting the proof of Theorem 2, we provide a characterization of the MLRP in terms of
hyperplanes where the norms satisfy a single-crossing property.

Definition 14. Let D be a weak order on the set of signals S. A vector α ∈ RK satisfies D-single-
crossing if α(is) < 0 and s D s′ implies α(is′) ≤ 0.

For a weak order D on signals, define the following set of vectors for any ` ∈ ∆K :

C(`) ≡
{
α ∈ RK/{0} : α satisfies D-single-crossing and α · ` = 0

}
.

Definition 15. Distribution P satisfies the unanimity single-crossing property (USP) if there is a
weak order D on signals such that v(x) > v(x′) implies Px ∈

(⋂
α∈C(Px′ )H

∆
+(α)

)
and Px ∈ H̊∆

+(α) for
some α ∈ C(Px′).

Lemma 7. Distribution P satisfies the MLRP if and only if it satisfies the USP.

Proof. [MLRP =⇒ USP]. Let D be the weak order on signals from the MLRP, and let v(x) > v(x′).
Choose any α ∈ C(Px′), and let k̂ = max{k : α(k) < 0} (k̂ is well-defined as α 6= 0, α · Px′ = 0, and α
satisfies D-single-crossing), and let is = k̂. By the MLRP,

Px′(s
′) ≥ Px′(s)

Px(s)
Px(s

′) for all s′ E s, and

Px′(s
′′) ≤ Px′(s)

Px(s)
Px(s

′′) for all s′′ B s.
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Moreover, one of these inequalities is strict because Px 6= Px′ (by the MLRP). As α ∈ C(Px′), it follows
that

0 = α · Px =
∑
s′Es

α(is′)Px′(s
′) +

∑
s′′Bs

α(is′′)Px′(s
′′)

<
∑
s′Es

α(is′)
Px′(s)

Px(s)
Px(s

′) +
∑
s′′Bs

α(is′′)
Px′(s)

Px(s)
Px(s

′′) =
Px′(s)

Px(s)
α · Px

Hence, Px ∈ H̊∆
+(α). As α was chosen arbitrarily, Px ∈

⋂
α∈C(Px′ )H

∆
+(α). It remains to show that⋂

α∈C(Px′ )H
∆
+(α) 6= ∅. Choose any s B s′ (which is non-empty by the MLRP) and define α ∈ RK by

α(k) =


Px′(s

′) if k = is

−Px′(s) if k = is′

0 otherwise

Then α satisfies D-single-crossing, and α · Px′ = Px′(s
′)Px′(s)− Px′(s)Px′(s′) = 0. Because x and x′

were arbitrary, P satisfies the USP.
[USP =⇒ MLRP]. Let D be the weak order on signals from the USP, and let v(x) > v(x′). Choose

any pair of signals such that s D s′. Define α ∈ RK as in the preceding paragraph, so that α satisfies
D-single-crossing and α · Px′ = 0. Hence, α ∈ C(Px′) and, by the USP,

0 ≤ α · Px = Px(s)Px′(s
′)− Px(s′)Px′(s).

As the same construction can be used for all s D s′, and Px 6= Px′ , P satisfies the MLRP.

A.3.9 Proof of Theorem 2

Proof. We use the characterization of the MLRP in terms of a single-crossing property from Lemma 7.
Let D be a weak order on signals, and fix some x and x′ such that v(x) > v(x′).

We first show that if Px � Px′ for every monotone betweenness order, and strictly for some
monotone betweenness order, then Px ∈

(⋂
α∈C(Px′ )H

∆
+(α)

)
and Px ∈ H̊∆

+(α) for some α ∈ C(Px′).
For this, choose any α ∈ C(Px′). As α satisfies D-single-crossing, H∆(α) is D-compliant. By Lemma 3,
there exists a monotone betweenness order � such that H∆(α) is the level curve of � that contains
Px′ . Since every monotone betweenness order ranks Px higher than Px′ , it follows that Px � Px′ , and
so Px ∈ H∆

+(α). As α ∈ C(Px′) was arbitrary, Px ∈
⋂
α∈C(Px′ )H

∆
+(α). Finally, as Px � Px′ for some

monotone betweenness order, the preceding arguments are easily adapted to show that Px ∈ H̊∆
+(α)

for some α ∈ C(Px′).
For the converse, we show that if Px ∈

(⋂
α∈C(Px′ )H

∆
+(α)

)
, and Px ∈ H̊∆

+(α) for some α ∈ C(Px′),
then Px � Px′ for all monotone betweenness orders and strictly for some monotone betweenness order.
For this, choose any D-monotone betweenness order �. As the level curves of � are described by
the intersection of hyperplane and ∆K , there exists α ∈ RK such that Px′ ∈ H(α) and (i) ` ∈ H̊∆

+(α)

implies ` � Px′ , and (ii) ` ∈ H̊∆
−(α) implies Px′ � `. Clearly, α · Px′ = 0 (as Px′ ∈ H(α)). We want to
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show that α satisfies D-single-crossing. For contradiction, suppose it does not. Then, for some s B s′,
α(is) < 0 and α(is′) > 0. Hence, δs · α = α(is) ≤ 0 and δs′ · α = α(is′) > 0. Therefore, δs ∈ H∆

−(α)

and δs′ ∈ H̊∆
+(α), which implies that δs′ � Px′ and Px′ � δs. As � is transitive, it follows that δs′ � δs,

contradicting the fact that � is monotone. As a result, it must be that α satisfies D-single-crossing, and
so α ∈ C(Px′). Because Px ∈

(⋂
α∈C(Px′ )H

∆
+(α)

)
, it follows that Px ∈ H∆

+, and so Px � Px′ . Finally,
since Px ∈ H̊∆

+(α) for some α ∈ C(Px′), it follows that there exists a D-compliant hyperplane H(α)

such that Px′ ∈ H∆(α) and Px ∈ H̊∆
+(α). By Lemma 3, there exists a monotone betweenness order

such that Px � Px′ .

A.4 Genericity results

In this section, we prove Propositions 4 and 5. We first present additional notation, and provide a
more formal statement of the results.

Recall that there M states and K signals. Let PKM denote the set of information structures
PS|X : X → ∆(S) such that Px has full support for every x. An information structure PS|X ∈ PKM
can be identified with a real K ×M matrix, where column m represents the distribution over signals
conditional on state xm. Let PBPKM ⊂ PKM be the subset of information structures that satisfies the
betweenness property and PMLRP

KM ⊂ PKM be the set of information structures that satisfy the MLRP.
Let µKM denote the Lebesgue measure on RK−1 ×RM . When K and M are clear from the context,
we omit the subscript KM .

The sets P and PBP are open in RK−1 ×RM and therefore Lebesgue measurable. The boundary
of PMLRP (the set difference between the closure of PMLRP and PMLRP ) is a Lebesgue null-set,
and so PMLRP is measurable. Using Fubini Theorem, it is straightforward to show that µ(P) = 1.
Propositions 4 and 5 state the following:

Proposition 9. (i) K ≥ M implies µ
(
PBP

)
= 1; (ii) K < M implies µ

(
PBP

)
< 1; (iii) for any

ε ∈ (0, 1), there exists Mε such that M > Mε implies µ
(
PMLRP

)
< ε.

Proof. [Part (i): K ≥M =⇒ µ(PBP ) = 1]. It is well-known that

µK×K({Z = (z1, ..., zK) : z1, ..., zM ∈ RK and Z is invetible}) = 1.

As a result,
µK×M ({(z1, ..., zM ) : z1, ..., zM ∈ RK are linearly independent}) = 1.

Fix Px1 , ...,PxM ∈ ∆(S) linearly independent vectors, and choose a vector β = (β1, ...,βK) ∈ RK , with
βi < βj if xi < xj . Define zi(j) ≡ Pxi(j) for all j ≤ M , and zi(j) be arbitrary for j = M + 1, ...,K
such that Z = (z1, ..., zK) is invertible. Finally, define αβ = βZ−1. By construction, βi = αβ · Pxi ,
and thus, U (Px) = αb · Px is consistent with the EU property (defined by αb), and therefore the
betweenness property as well. Then, µK×M (PBPKM ) = 1.

[Part (ii): M > K =⇒ µ(PBP ) < 1]. We show that, when M > K, there is a strictly positive
mass of information structures where the conditional distribution for a higher value is in the convex
hull of the conditional distributions for lower values. This convex containment is inconsistent with the
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betweenness property. Hence, when M > K, there is a strictly positive mass of information structures
that do not satisfy the betweenness property. It is understood in the following that µ = µK×M . Fix
θ ≤ 1

K . For j = 1, ...,K, let Aj = {z ∈ ∆K : z(j) ≥ 1− θ}, and AK+1 = {z ∈ ∆K : z(j) ≥ θ for all i}.
If zj ∈ Aj for j = 1, ...,K, then AK+1 ∈ co(

⋃K
j=1 zj). When θ = 1, µ(AK+1) = 0 < µ(Aj). When

θ = 0, µ(Aj) = 0 < µ(AK+1). Then, there exists θ̄ such that µ(Aj) = µ(AK+1).
Draw an arbitrary information structure {Px : x ∈ X} and let E be the event that, for each

j = 1, ...,K + 1, there exists x such that Px ∈ Aj . A direct application of the multinomial formula
implies that

P (E) =
M−K∑
y1=1

M−(K−1)−y1∑
y2=1

...
M−
∑K

k=1 yk∑
yK+1=1

(
M

y1....yK+1

)
f

(
K+1∑
k=1

yk, θ̄
)

,

where ( M
y1....yK+1

) is the multinomial coefficient defined by

(
M

y1....yK+1

)
≡ M !
y1!...yK+1!(M −

∑K+1
k=1 yk)!

and
f (ȳ, θ̄) ≡ θ̄ȳ(1− (K + 1)θ̄)M−ȳ.

Clearly, P (E) > 0. There is a finite number of ways to assign Px’s to Aj ’s, and all of them with the
same (positive) measure. In particular, this implies that there exists an event E′ with P (E′) > 0,
where for v(x1) < ... < v(xK+1), we have Pxi ∈ Ai for all i < K, PxK ∈ AK+1, PxK+1 ∈ AK , and
P (E′) > 0. In the event E′, PxK ∈ co(

⋃
i 6=K Pxi), so the betweenness property is not satisfied.

[ Part (iii): M ≥Mε =⇒ µ
(
PMLRP

)
< ε]. Fix ε ∈ (0, 1). For any (M ,K) with K ≥ 2,

µK×M ({PX :
Px(s)

Px(s′)
=
Px′(s)

Px′(s)
for some Pw,Px′ , s, s′}) = 0.

Fix s, s′ ∈ S and define an equivalence ∼ as follows:

P ∼ P ′ =⇒ Px(s)

Px(s′)
>
Px′(s)

Px′(s′)
⇐⇒ P ′x(s)

P ′x(s
′)
>
P ′x′(s)

P ′x′(s
′)

for all x,x′.

An equivalence class for a distribution P on X × S is denoted by [P ] = {P ′ : P ∼ P ′}. There are M
distinct states in X and therefore, there areM ! distinct equivalence classes, one for each possible strict or-
dering on the likelihood ratios Px(s)

Px(s′)
. Then, µK×M ([P ]) = 1

M ! for all P . There are only two equivalence

classes that are consistent with the MLRP, namely: [P ] = {P ′ : P ′x(s)
P ′x(s

′) >
P ′
x′ (s)

P ′
x′ (s

′) for all v(x) > v(x′)},

and [P̂ ] = {P ′ : P ′x(s)
P ′x(s

′) <
P ′
x′ (s)

P ′
x′ (s

′) for all v(x) > v(x′)}. Then, the measure of information struc-
tures that satisfies MLRP, µK×M (PMLRP

KM ) < µK×M ([P ] ∪ [P̂ ]) = 2
M ! . Finally, fix ε, and choose

Mε = min{M : ε > 2
M !}.
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A.5 Multidimensional environment

In this section, we establish the result on a multi-characteristic environment. The notation and central
arguments follow closely the related results in Section A.4.

For each c = 1, ...,C, let µKc×Mc denote the Lebesgue measure on RKc−1 ×RMc . Let PKcMc be
the set of information structures PSc|Xc : Xc → ∆(Sc) such that Pxc has full support for all xc ∈ Xc.
Then µKc×Mc(PKcMc) = 1 (as in the previous section).

We fix a probability distribution over characteristics γ, with full support. A multi-characteristic
information structure PX|S can be represented by γ and a vector of (independent) information structures
PXc|Sc for each of the characteristics, such that, for x ∈ X , equation (1) is satisfied. Let PCKM be the set
of all multi-characteristic information structures . For a subset P ′ ⊂ PCKM , we take every information
structure PS|X ∈ P ′ and associate its vector

(
PX1|S1 , ...,PXC |SC

)
. In this way, P ′ defines a vector of

subsets of information structures for each characteristic (P ′1, ...,P ′C). We then measure P ′ in terms of

µCKM (P ′) =
C∑
c=1

γc µKc×Mc(P ′c).

Note that

µCKM (PCKM ) =
C∑
c=1

γc µKc×Mc (PKcMc) =
C∑
c=1

γc = 1.

Let PC,BP
KM ⊂ PCKM denote the subset of multi-characteristic information structures which satisfy the

betweenness property. Proposition 6 shows that, if Kc ≥Mc for all c = 1, ...,C, then µCKM (PC,BP
KM ) = 1.

A.5.1 Proof of Proposition 6

Proof. Consider characteristic c and Xc = {x1
c , ...,xMc

c }. By analogous reasoning as in the proof of
Proposition 9,

µKc×Mc({Px1
c
, ...,P

xMcc
are linearly independent}) = 1 ⇔ Mc ≤ Kc.

For all c, fix Px1
c
, ...,P

xMcc
∈ ∆(Sc) linearly independent vectors. Define (i) zic(j) ≡ Pxic(j) and, if

Mc < Kc, let zic(j) be arbitrary for j = Mc + 1, ...,Kc such that Z = (z1
c , ..., zKcc ) is invertible; (ii)

bc = (b1
c , ..., bKCc ) ∈ RKC with bic = φc(xic)/γc; (iii) αc = bcZ

−1; and (iv) α = (α′1, ...,α′C)′, where ′ is
the transpose operator. Then, for all x = (x1, ...,xc) ∈ X ,

α · Px =
∑
c

αcPxcγc =
∑
c

φc(xc) = ψ(v(x)).

Since ψ(.) is strictly increasing in v(.), U(Px) = α · Px is consistent with an EU order (defined by α).
As a result, the EU property is satisfied, which implies the betweenness property is satisfied.

A.6 Finite auctions

In this section, we provide the proof for Propositions 7 and 8 on finite auctions.
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A.6.1 Proof of Proposition 7

Proof. A symmetric strategy-profile σ is fully described by the strategy σi of one bidder i ∈ I. For
the auction with In bidders, σni then describes the strategy-profile where every bidder follows σi, and
pσ

n
i (x) is the corresponding random price in state x. The the set of bid-profiles in the auction with

In bidders is Bn, and we denote a typical element with bn : In → B. For a bid-profile bn ∈ Bn, let
Fbn : B→ [0, 1] denote the CDF over bids, defined by Fbn(b) = 1

#In
∑
i∈In 1[bn(i)≤b]. Then #InFbn(b)

is the number of bids less than or equal to b. We first establish the following claim.
Claim 1: Fix a strategy σi, a state x, and a particular bid b: (i) If F σix (b) ≤ 1 − g, then

limn→∞ P
σni
x (pσin (x) > b) ∈

{
1
2 , 1
}
, and equal to 1 if and only if F σix (b) < 1− g; (ii) If ~F σix (b) ≥ 1− g,

then limn→∞ P
σni
x (pσin (x) ≤ b) ∈

{
1
2 , 1
}
, and equal to 1 if and only if ~F σix (b) > 1− g.

We show the argument for part (i), the argument for part (ii) is analogous. For part (i), if F σix (b) = 0,
then P σ

n
i

x (pσin (x) > b) = 1 for all n. We can therefore focus on the case where 0 < F σix (b) ≤ 1− g. Let
y denote a generic realization of the random variable #InFbn(b) (this is a random variable because bn

is random). For a bid-profile bn, the price is strictly greater than b if and only if there are at least
Gn + 1 bids strictly greater than b, which is equivalent to #InFbn(b) ≤ #In(1− g)− 1. Therefore, for
any n,

P
σni
x (pσin (x) > b) =

#In(1−g)−1∑
y=0

F σix (b)y(1− F σix (b))#In−y.

It therefore follows by the de Moivre-Laplace central limit theorem (see, e.g., Shiryaev (1984) pp.
62-63) that

lim
n→∞

P
σni
x (pσin (x) > b) =


1
2 if F σix (b) = 1− g

1 if F σix (b) < 1− g
.

We use Claim 1 to establish the following:
Claim 2: Fix a strategy σi and a state x. Then the sequence of prices {pσin (x)} converges in

probability to v(x) if and only if F σix (v(x)− δ) < 1− g < F σix (v(x) + δ) for every δ > 0.
First, suppose that F σix (v(x)− δ) < 1− g < F σix (v(x) + δ) for every δ > 0. Fix some ε > 0: we

want to show that limn→∞ P
σni
x (pσin (x) ∈ [v(x)− ε, v(x) + ε]) = 1. Because F σix is monotone non-

decreasing, it has a countable number of points of discontinuity. We can therefore choose ε′ ∈ (0, ε]
such that F σix is continuous at v(x) + ε′ and v(x)− ε′. As F σix (v(x)− ε′) < 1− g, it follows from
Claim 1(i) that limn→∞ P

σni
x (pσin (x) > v(x)− ε′) = 1. As ~F σix (v(x) + ε′) = F σix (v(x) + ε′) < 1− g, it

follows from Claim 1(ii) that limn→∞ P
σni
x (pσin (x) ≤ v(x) + ε′) = 1. As a result,

lim
n→∞

P
σni
x (pσin (x) ∈ [v(x)− ε, v(x) + ε]) = 1.

Now suppose that F σix (v(x) + δ) ≤ 1− g for some δ > 0. Then by Claim 1(i),

lim
n→∞

P
σni
x (pσin (x) > v(x) + δ) ≥

1
2,

and so the price does not converge in probability to v(x). On the other hand, suppose that
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F σix (v(x)− δ) ≥ 1− g for some δ > 0. Then by Claim 1(ii), limn→∞ P
σni
x (pσin (x) ≤ v(x)− δ) ≥ 1

2 , and
so the price does not converge in probability to v(x). This completes the proof of the claim.

Finally, we use Claim 2 and the proof of Theorem 1 to complete the argument. Suppose that
P satisfies the betweenness property. Consider the symmetric strategy-profile σ : I× S → ∆(B)

constructed in the proof of Theorem 1. This strategy profile has the property that, for every state
x, F σix (v(x)− δ) < 1− g < F σix (v(x) + δ) for every δ > 0. Hence, by Claim 2, the strategy-profile
aggregates information as n → ∞. For the converse, suppose that the symmetric strategy-profile
σ aggregates information as n → ∞. Because the strategy-profile is symmetric, it is described by
some σi : S → ∆(B). By Claim 2, for every state x, F σix (v(x)− δ) < 1− g < F σix (v(x) + δ) for every
δ > 0. Since F σix is right-continuous, it follows that 1− g ≤ F σix (v(x)). Moreover, if v(x′) < v(x), then
F σix (v(x′)) < 1− g ≤ F σix (v(x)). Let X1, ....,XR+1 be the partition of X from the proof of Theorem 1.
For every r = 1, ...,R, let αr ≡ F σi(vr)− (1− g). Then the same argument as in the proof of Theorem
1 shows that the collection of hyperplanes {H(αr) : r = 1, ...,R} has the desired nesting and separation
properties for the NHSP.

A.6.2 Proof of Proposition 8

Proof. Fix an enumeration of I and let σ be a symmetric strategy-profile that aggregates information
asymptotically. The strategy-profile σ is described by some σi : S → ∆(B). Without loss of generality,
we consider possible deviations by player 1. In particular, let σi,b denote the strategy-profile where all
players j > 1 use strategy σi, and player 1 submits bid b for every signal. To establish the proposition,
it is sufficient to show that Π1(σni |s)−Π1(σni,b|s)→ 0 as n→∞ for all b ∈ B (i.e., for every possible
signal, the potential gains from a deviation vanishes as the population grows). This follows immediately
once we show that, for every state, the price converges in probability to the value for every deviation
by bidder 1.

Fix a state x and a bid b. Analogously to Claim 1(i) in the proof of Theorem 7,

P
σni
x

(
p
σi,b′
n (x) > b

)
=


∑#In(1−g)−2
y=0 F σix (b)y(1− F σix (b))#In−y if b′ ≤ b∑#In(1−g)−1
y=0 F σix (b)y(1− F σix (b))#In−y if b′ > b

,

and so, for every b′ ∈ B,

F σix (b) > 1− g =⇒ lim
n→∞

P
σni
x

(
p
σi,b′
n (x) > b

)
= 1, and

F σix (b) = 1− g =⇒ lim
n→∞

P
σni
x

(
p
σi,b′
n (x) > b

)
=

1
2

Likewise, for every b′ ∈ B,

F σix (b) < 1− g =⇒ lim
n→∞

P
σni
x

(
p
σi,b′
n (x) ≤ b

)
= 1, and

F σix (b) = 1− g =⇒ lim
n→∞

P
σni
x

(
p
σi,b′
n (x) ≤ b

)
=

1
2.
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As in Claim 2, it follows that, for every b′ ∈ B, the price pσi,b′n (x) converges in probability to v(x) if and
only if F σix (v(x)− δ) < 1− g < F σix (v(x) + δ) for every δ > 0. As σ aggregates information as n→∞,
F σix (v(x)− δ) < 1− g < F σix (v(x) + δ) for every δ > 0, and so pσi,b′ (x) converges in probability to
v(x) for every b′ ∈ B. As a result, Π1(σni |s)−Π1(σni,b|s)→ 0 as n→∞.
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B Supplementary Appendix

This is a supplementary appendix for Information Aggregation in Large Auctions (Mihm and Siga,
2017). We provide the proof for two lemmas and one proposition stated in the paper. Section B.1
provides two additional lemmas and uses them to prove Lemma 3. Section B.2 introduces additional
notation in order to prove Lemma 6. Section B.3 provides a proof for Proposition 3.

B.1 Lemma 3

In this section, we show that any collection of D-consistent hyperplanes can be viewed as level curves
of a monotone betweenness order. We first establish two additional lemmas that are needed for the
result.

B.1.1 Preliminaries for Lemma 3

Lemma 8. Let α′,α′′ ∈ RK/{0} such that ∅ 6= H∆
+(α

′) ⊂ H̊+(α′′), and let S′ be the set of signals
such that δs ∈ H̊−(α′) ∩ H̊+(α′′). For any s ∈ S′, there exists a hyperplane H(α) such that (i)
A′ ≡ co

(
H∆

+(α
′) ∪

⋃
s′∈S′/{s} δs′

)
⊂ H̊+(α), and (ii) A′′ ≡ co

(
δs ∪H∆

−(α
′′)
)
⊂ H̊−(α).

Proof. The proof proceeds in steps. Consider s ∈ S′.
[Step 1]. Observe that α′′ · δs = α′′(is) > 0 because δs ∈ H̊+(α′′).
[Step 2]. Define α̃ by α̃(j) = α′′(j) if j 6= is, and α̃(is) = 0. We show that H∆

−(α̃) = A′′.
Let z ∈ co

(
δs ∪H∆

−(α
′′)
)
. Then z = θz̃+ (1− θ)δs for some θ ∈ [0, 1] and some z̃ ∈ H∆

−(α
′′). Note

that α̃z = θα̃ · z̃ + (1− θ)α̃(is) = θα̃ · z̃ = θ
∑
j 6=is α̃(j)z̃(j) = θ (α′′ · z̃ − α′′(is)z̃(is)) ≤ 0, where the

last inequality follows because z̃ ∈ H∆
−(α

′′) and α′′(is) > 0 (by Step 1). Hence, z ∈ H∆
−(α̃), and so

H∆
−(α̃) ⊃ A′′.
Now let z ∈ H∆

−(α̃). If z = δs, then clearly z ∈ A′′. Now suppose z 6= δs, and let θ ≡ z(is) ∈ [0, 1).
Define z̃ by z̃(j) = 1

1−θz(j) if j 6= is, and z̃(is) = 0. Note that (1− θ)z̃ + θδs = z. Hence, if
z̃ ∈ H−(α′′), then z ∈ A′′. Now observe that

α′′ · z̃ = 1
1− θ

∑
j 6=is

z(j)α′′(j) =
1

1− θ
∑
j 6=is

z(j)α̃(j) =
1

1− θz · α̃ ≤ 0,

where the last inequality follows because z ∈ H∆
−(α̃). As a result, z ∈ A′′, and so H∆

−(α̃) ⊂ A′′.
[Step 3]. We now show that H∆

+(α
′) ⊂ H̊∆

+(α̃).
Let E(α′′) be the set of extreme points of H∆

−(α
′′). As H∆

−(α
′′) is compact and convex, it follows

from the Krein-Milman Theorem that H∆
−(α

′′) = co(E(α′′)). As δs ∪E(α′′) contains the extreme
points of δs ∪H∆

−(α
′′) , it follows that δs ∪H∆

−(α
′′) contains the extreme points of co(δs ∪H∆

−(α
′′)).

By Step 2, co(δs ∪H∆
−(α

′′)) = H∆
−(α̃), and so δs ∪H∆

−(α
′′) contains the extreme points of H∆

−(α̃).
Since (δs ∪E(α′′)) ∩H∆

+(α
′) = ∅, it follows that δs ∪E(α′′) ⊂ H̊∆

−(α
′) and, because H̊∆

−(α
′) is convex,

H∆
−(α̃) = co(δs ∪E(α′′)) ∩ ∆k ⊂ H̊∆

−(α
′). Hence, H∆

+(α
′) ⊂ H̊∆

+(α̃).
[Step 4]. Next we show that H∆

−(α̃) ∩A′ = ∅.
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By Step 3, H∆
+(α

′) ∩H∆
−(α̃) = ∅. By definition,

(⋃
s′∈S′/{s} δs

)
∩H∆

−(α
′′) = ∅ and so, by Step

2,
(⋃

s′∈S′/{s} δs
)
∩H∆

−(α̃) = ∅. It follows that
((⋃

s′∈S′/{s} δs
)
∪H∆

+(α
′)
)
⊂ H̊∆

+(α̃). As H̊∆
+(α̃) is

convex, it follows that A′ ∩H∆
−(α̃) = ∅.

[Step 5]. To complete the proof we apply the Separating Hyperplane Theorem.
By Step 3, H∆

−(α̃) ∩A′ = ∅. As both H∆
−(α̃) and A′ are closed and convex, by the Separating

Hyperplane Theorem, there exists α ∈ RK/{0} such that H∆
−(α̃) ⊂ H̊−(α) and A′ ⊂ H̊+(α).

The next lemma uses the previous result to show that a consistent set of hyperplanes can be
completed.

Lemma 9. If {H(αr) : r = 1, ...,R} is a D-consistent collection of hyperplanes, then there exists a
D-complete collection of hyperplanes {H(αj) : j = 1, ...,J} ⊃ {H(αr) : i = 1, ...,R}.

Proof. Suppose {H(αr) : r = 1, ...,R} is a D-consistent collection of hyperplanes. We first add two
additional hyperplanes to this set. Suppose s̄ is D-maximal and δs̄ ∈ H̊∆

+(αR), and s is D-minimal and
δs ∈ H̊∆

−(α1). As the simplex is closed and convex, and δs̄ and δs are extreme points of the simplex,
there exists αH ,αL ∈ RK/{0} such that δs̄ = H∆(αH) and δs = H∆(αL). Moreover, the collection
{H(αr) : r = 1, ...,R}∪H(αH)∪H(αL) is also D-consistent. The existence of a D-complete collection
{H(αj) : j = 1, ...,J} ⊃ {H(αr) : r = 1, ...,R} then follows by iterative application of Lemma 8.

B.1.2 Proof of Lemma 3

Proof. It is straightforward to show that D-consistency is necessary and so we omit the proof. We use
the preceding lemma to establish sufficiency.

By Lemma 9, there is a D-complete collection of hyperplanes {H(αj) : j = 1, ...,J} that contains
{H(αr) : r = 1, ...,R}. Define αL and αH as in the proof of Lemma 9, and let α0 ≡ αL and αJ+1 ≡ αH .
By Lemma 2, it is without loss of generality to assume that αj+1 < αj for all j = 0, ...,J + 1.

Now define U : ∆K → RK as follows. If ` ∈ H∆(αj) for some j = 0, ..., J + 1, let U(`) = −αj
(this is well-defined as ` can be in at most one H∆(αj)). If ` /∈ H∆(αj) for some j = 0, ..., J + 1,
then ` ∈ H̊∆

−(αj+1) ∩ H̊∆
+(αj) for some j = 0, ..., J + 1. Hence, there exists θ` ∈ (0, 1) such that

` ∈ H∆ (θ`αj+1 + (1− θ`)αj). Moreover, since αj+1 < αj , θ` is unique.
Define U(`) ≡ −(θ`αj+1 + (1 − θ`)αj). For any two lotteries `, `′ ∈ ∆K , by construction,

`′ ∈ H∆
+(U (`)) if and only if U(`) ≥ U(`′). Now, define a binary relation � on ∆K by ` � `′ if

and only if U(`) ≥ U(`′). For lotteries `, `′, either ` ∈ H∆
+(U(`

′)) or ` ∈ H∆
−(U(`

′)), and so � is
complete. For lotteries `, `′, `′′ ∈ ∆K , U(`) ≥ U(`′) and U(`′) ≥ U (`′′) implies U (`) ≥ U(`′′), and
so � is transitive. The D-completeness of {H(αj) : j = 0, ...,J + 1} implies that, if s B s′ then
δs ∈ H̊∆

−(U(δs′)), and so � is monotone. If ` � `′ � `′′, then H∆(U(`)) ⊂ H∆
−(U(`

′)) ⊂ H∆
−(U(`

′′));
hence there exists θ ∈ (0, 1) such that θ`+ (1− θ)`′′ ∈ H∆(U(`′)), and so � is solvable. Finally, (i) if
` ∼ `′, then θ`+ (1− θ)`′ ∈ H∆(U(`)) for all θ ∈ [0, 1], and so θ`+ (1− θ)`′ ∼ `; (ii) if ` � `′, then
θ`+ (1− θ)`′ ∈ H̊∆

+(`) ∩ H̊∆
−(`
′) for all θ ∈ (0, 1), and so ` � θ`+ (1− θ)`′ � `′. Hence, � satisfies

betweenness, and so � is a betweenness order.
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B.2 Lemma 6

In this section, we show how the SLLN connects the empirical cumulative bid distribution with the
mean cumulative bidding strategy. We first review some results from Al-Najjar (2008) on proper large
populations. These results use ultrafilters to characterize the measure λ for a proper large population
(I, I,λ) as well as the integral with respect to λ.

B.2.1 Preliminaries for Lemma 6

A collection U of subsets of N is called a free ultrafilter if (i) A ∈ U and A ⊂ B implies B ∈ U , (ii)
A,B ∈ U implies A∩B ∈ U , (iii) ∅ /∈ U , (iv) no finite subset of N belongs to U , (v) for every A ⊂N,
either A ∈ U or N/A ∈ U .

For a sequence of real numbers {an}∞n=1, U-convergence is defined by

U lim
n→∞

an = a ⇔ ∀ε > 0, {n : |an − a| < ε} ∈ U .

U-convergence generalizes the usual notion of convergence: if limn→∞ an exists, then U limn→∞ an =

limn→∞ an. However, every bounded sequence {an}∞n=1 has a unique U-limit.
The next Lemma follows from Proposition A.1 and Lemma A.2 in Al-Najjar (2008).

Lemma 10. Let (I, I,λ) be proper large population that represents a limit of the proper sequence of
finite populations {In}∞n=1 as in Definition 4. Then there exists a free ultrafilter U such that, for any
I ∈ I,

λ(I) = U lim
n→∞

# (I ∩ In)
#In

,

and, for any bounded function f : I→ R,

∫
fdλ = U lim

n→∞
1

#In

n∑
i=1

f(i).

B.2.2 Proof of Lemma 6

Proof. We proceed in steps. The first step is the key, and follows closely the argument in the proof of
Theorem 1 in Al-Najjar (2008). We provide the details for completeness. The remaining steps use the
argument that, since P σx is countably-additive, the intersection of a countable collection of measure 1
sets has measure 1.
[Step 1]. Show that, for any b ∈ B, there exists A ∈ A such that P σx (A) = 1 and Fa(b) = F σx (b) for
all a ∈ A.

For each bidder, the strategy-profile σ and conditional Px induce a distribution over bids described
by F σix . We denote the corresponding random variable by Bi. Now fix an enumeration of I (this is
possible because I is countable), and consider the sequence of random variables{

1[B1≤b],1[B2≤b],1[B3≤b], ...
}

.
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As players randomize independently, this is a sequence of independent random variables on (B,B), where
B is the Borel σ-algebra on B, with uniformly bounded variance, and expected values E

[
1[Bi≤b]

]
= F σix (b).

Define Fn(a) = 1
n

∑n
i=1 1[a(i)≤b] and Mn = 1

n

∑n
i=1 F

σi
x (b). By Kolmogorov’s Strong Law of Large

Numbers (see, e.g., Shiryaev (1984), Theorem 2, p.388), there exists A ∈ A with P σx (A) such that, for
all a ∈ A, limn→∞ Fn(a) = limn→∞Mn.

Fix some a ∈ A. For any ε > 0, by the above application of the SLLN,{
n : |Fn(a)−Mn| ≤

ε

2

}
∈ U ,

where U is the free ultrafilter from Lemma 10 (recall that standard convergence implies U -convergence).
Moreover, as {Fn(a)}∞n=1 is a bounded sequence,{

n : |Fn(a)−U lim
n→∞

Fn(a)| ≤
ε

2

}
∈ U ,

because every bounded sequence is U-convergent. By property (ii) of U ,{
n : |Fn(a)−Mn| ≤

ε

2

}
∩
{
n : |Fn(a)−U lim

n→∞
Fn(a)| ≤

ε

2

}
∈ U .

By the triangle inequality,{
n : |Fn(a)−Mn| ≤

ε

2

}
∩

{
n : |Fn(a)−U lim

n→∞
Fn(a)| ≤

ε

2

}
⊂

{
n : |Mn −U lim

n→∞
Fn(a)| ≤ ε

}
.

By property (i) of U ,
{
n : |Mn −U limn→∞ Fn(a)| ≤ ε

2
}
∈ U . Hence,

U lim
n→∞

Mn = U lim
n→∞

Fn(a).

By Lemma 10, it then follows that

Fa(b) ≡
∫

I
1[a(i)≤b]dλ =

∫
I
F σix (b)dλ ≡ F σx (b).

[Step 2]. Show that, for any countable set of bids {bj}∞j=1, there exists A ∈ A such that P σx (A) = 1
and, for all a ∈ A and j ≥ 1, Fa(bj) = F σx (bj).

By Step 1, for every j there exists a set Aj ∈ A such that P σx (Aj) = 1 and Fa(bj) = F σx (bj) for all
a ∈ A. Let A =

⋂
j Aj . Then A is the countable intersection of measure 1 sets, and so P σx (A) = 1. By

definition, for all a ∈ A, Fa(bj) = F σx (bj) for every j ≥ 1.
[Step 3]. Show that, for any b ∈ B, there exist A ∈ A such that P σx (A) = 1 and, for all a ∈ A,
−→
F a(b) =

−→
F σ
x(b).

Let {bh}∞h=1 be a sequence of bids such that bh ↑ b. By Step 2, there exists A ∈ A such that
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P σx (A) = 1 and, for every h, Fa(bh) = F σx (bh) for all a ∈ A. Hence, for all a ∈ A,

−→
F a(b) = lim

h→∞
Fa(bh) = lim

h→∞
F σx (bh) = F σx (b).

[Step 4]. Show that, for any b ∈ B, there exist A ∈ A such that P σx (A) = 1 and, for all a ∈ A,
←−
F a(b) =

←−
F σ
x(b).

The argument is analogous to Step 3.
[Step 5]. By the same argument as in Step 2, Steps 3 and 4 imply that for a countable set of bids
{bj}∞j=1, there exists A ∈ A such that P σx (A) = 1 and, for all a ∈ A and j ≥ 1, Fa(bj) = F σx (bj),−→
F a(bj) =

−→
F σ
x(bj), and

←−
F a(bj) =

←−
F σ
x(bj).

B.3 Proposition 3

Proof. Let D be a weak order on signals. Without loss of generality, let sk+1 D sk for k = 1, ...,K − 1.
Then a monotone EU on ∆K can be represented by a vector u ∈ RK such that u(1) ≤ ... ≤ u(K).
Moreover, because e · Px = 1, u · Px =

∑K−1
k=1 (u(k)− u(K))Px(sk) + u(K), and so

u · Px ≥ u · Px′ ⇔
K−1∑
k=1

(u(K)− u(k))Px(sk) ≤
K−1∑
k=1

(u(K)− u(k))Px′(sk).

Now consider two states x and x′ such that v(x) > v(x′). We first show that FOSD implies
Px � Px′ for every monotone EU. FOSD implies that Fx(s) ≤ Fx′(s) for all s. Fix some u ∈ RK such
that u(1) ≤ ... ≤ u(K), and note that

K−1∑
k=1

(u(K)− u(k))Px(sk) =
K−1∑
k=1

(u(k+ 1)− u(k))
k∑
j=1

Px(sj) =
K−1∑
k=1

(u(k+ 1)− u(k))Fx(sk)

Hence, since u(k + 1) − u(k) ≥ 0 and Fx(sk) ≤ Fx′(sk) for all k = 1, ...,K − 1, it follows that
u · Px ≥ u · Px′ . Hence, Px � Px′ for every monotone EU. Moreover, if Fx(sk) < Fx′(sk) for some k,
and u(k+ 1) > u(k), then u · Px > u · Px′ . Hence, there exists a monotone EU such that Px � Px′ .

For the converse, suppose u · Px ≥ u · Px′ for all u ∈ RK such that u(1) ≤ ... ≤ u(K). Now, fix
some j ∈ {1, ...,K − 1}, and let

u(k) =

0 if k ≤ j

1 if k > j.

Then u · Px ≥ u · Px′ implies
∑K−1
k=1 (u(K) − u(k))Px(sk) ≤

∑K−1
k=1 (u(K) − u(k))Px′(sk), which is

equivalent to
∑j
k=1 Px(sk) ≤

∑j
k=1 Px′(sk). Hence, Fx(sj) ≤ Fx′(sj). Finally, by way of contradic-

tion, suppose that Fx(s) = Fx′(s) for all s ∈ S. Then u · Px = u · Px′ for all u ∈ RK such that
u(1) ≤ ... ≤ u(K), contradicting that there exists monotone EU � such that Px � Px′ .
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